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Abstract 

We reconsider the TV = 1 supersymmetric extension of W3 algebra which was studied 
previously. This consists of seven higher spin supercurrents (fourteen higher spin currents in 
components) as well as the Af = 1 stress energy tensor of spins (|,2). So far, the complete 
expressions for the higher spin currents are not known. 

In this paper, we construct them explicitly both in the c = 4 eight free fermion model and 
in the supersymmetric coset model based on (A^ © A^\ A*jp) at level (3, k). By acting the 
above spin-| current on the higher spin-3 Casimir current, one generates its fermionic partner, 
the higher spin-| current and they can be combined as a first higher spin supercurrent with 
spins (|,3). Then by computing the operator product expansions(OPE) between the higher 
spin supercurrent and itself, one can generate the next two higher spin supercurrents with 
spins (|,4) and (4, |). Moreover, the other two higher spin supercurrents with spins (4, |) 
and (|,5) are generated by calculating the OPE between the first higher spin supercurrent 
with spins (§,3) and the second higher spin supercurrent with spins (|,4). Finally, the 
remaining two higher spin supercurrents with spins (y,6) and (6, y), from the first higher 
spin supercurrent and the fourth higher spin supercurrent with spins (4, |), are obtained 
similarly. 



1 Introduction 



The duality between the Wn minimal model in two dimensional conformal field theories 
and the higher spin theory of Vasiliev on the AdS^ has been proposed by Gaberdiel and 
Gopakumar [H [2]. The Wn minimal model conformal field theory is dual, in the 't Hooft 
jr expansion, to the higher spin theory coupled to one complex scalar. One of the level for 
spin-1 WZW current in the conformal field theory is fixed by 1 and the other is given by the 
positive integer k. 

By generalizing the level 1 for the spin-1 current to the arbitrary positive integer I, one 
has more general coset theories. The spin-3 current in these general cosets was constructed 
in [3] and the spin-4 current was found recently in [J]. The central charge grows like N 2 by 
defining the 't Hooft limit with k,l, N — > oo with the appropriate relative ratios held finite 
[5] 0. The particular case where k = I = N was studied in the context of two dimensional 
gauge theory coupled to adjoint fermions in j6]. 

It is known, in [7], that the cosets can be supersymmetric if one of the levels is equal to 
iV(i.e., I = N with arbitrary k). Furthermore, the first model with k — 1 in this series (with 
arbitrary / and N) has bosonic Wn symmetry. The supersymmetric version of Wn algebra 
with k = 1, 1 = N was studied in [8]. On the other hand, by taking N = 3 = I with arbitrary 
k, one expects to have a supersymmetric extended W3 symmetry. 

In this paper, we reconsider the following coset minimal model studied in [H] previously, 
with arbitrary k and I = N = 3, 

SU(3) k g SU(3) 3 
SU(3) k+3 

The central charge can be obtained and it is given by 

18 
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(A; + 3)(A; + 6) 



fc = l,2,.-.. (1.2) 



For k = l(c = y) with (11.21) . the explicit higher spin current as well as the superconformal 
generators were constructed in [10] and they are given in terms of the WZW currents of above 
coset (11.11) . This extended algebra coincides with the "minimal" super W3 algebra found in 
[TT] where there exist two extra higher spin currents of spin-| and spin-3. In |9j, some of 
the higher spin currents in c = 4, which is equivalent to k — > 00 limit in ( 11. 2ft . free fermion 
model and the generic c < 4 supersymmetric coset models based on ( 11. ip were found and the 
existence for eight supercurrents via character technique was described. In [12], the possible 



1 These general cosets are called by "stringy cosets" in [5]. 
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application in the context of minimal model holography [TJ [2] was described. If one considers 
the discrete series for the Af = 2 superconformal minimal models with c = ^+2) > one observes 
that c = | (i.e., k = 3) corresponds to m — 16. 

The main thing in the extended algebra on the basis of the Casimir construction [T3"| [3] 
for level 1 WZW models for simply laced Lie algebras is to identify the complete set of 
independent generating currents. We would like to find out the complete set of currents 
proposed in [9] explicitly and some of the algebra they satisfy. The starting point is to begin 
with the bosonic spin-3 current found in [T3l E] with fixed N = 3 and finite or infinite k. 
Of course, it is known that the Af = 1 stress energy tensor consisting of spin-2 and spin-| 
currents can be obtained from the usual Sugawara construction. All the higher spin currents, 
then, can be obtained from the spin-| current and spin-3 current. These two currents generate 
the higher spin currents q 

That is, by acting the above spin-| current on the higher spin-3 current (by computing 
the operator product expansion (OPE) between them), one generates its fermionic partner, 
the higher spin-| current in the right hand side of OPE and they can be combined as a first 
higher spin Af = 1 supercurrent with spins (1,3) B By construction, the OPE between the 
composite fields can be computed through the basic fundamental OPEs between the bosonic 
and fermionic WZW currents. Then by computing the OPE between these two higher spin 
currents of spin-| and spin-3 (therefore one should compute three nontrivial OPEs in the 
component approach), one can generate the next two higher spin M = 1 supercurrents with 
spins (|,4) and (4, |) that appear in the singular terms of the OPE. The explicit forms for 
these in terms of WZW currents for c = 4(/c — > oo) model were already present in [9]. For 
the arbitrary central charge(i.e., finite k), the explicit forms are not known so far. Moreover, 
the other two higher spin Af = 1 supercurrents with spins (4, |) and (§,5) are generated 
by calculating the OPE between the first higher spin supercurrent with spins (|,3) and the 
second higher spin supercurrent with spins (|, 4) by repeating similar procedures. There exist 
also various quasi-primary field currents that can be written in terms of known higher spin 
currents and the Af = 1 superconformal currents. Finally, the remaining two higher spin 
Af = 1 supercurrents with spins (y,6) and (6,^); from the first higher spin supercurrent 
and the fourth higher spin supercurrent with spins (4, |), are obtained similarly. This will 

2 These higher spin currents are primary under the stress energy tensor and they do transform similarly 
under the spin-| current. Combining these two, the higher spin currents are superprimary under the Af = 1 
stress energy tensor. 

3 Although we will explain the notation in section 2, let us describe the convention we use here. The 
fermionic current of spin | and its superpartner bosonic current of spin 3 can be written in terms of a single 
Af = 1 supercurrent and we simply denote this by specifying the spins in this way. Similarly, one denotes the 
Af = 1 superconformal supercurrent by (§,2). 
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produce the most complicated computations. 

How does one compute the OPE explicitly and extract the correct primary currents in the 
right hand side of OPE? In general, the OPE [HJ [T5J US] between two quasi-primary fields 
$i(z) with spin-/ij and $j(u>) with spin-/ij(the spins are positive integer or half- integer) has 
the following form @ 



®i(z) <5>j(w) = -TJ^lij 

oo J 



n=0 



yj\hi+hj-h k -~n 



1 T(hi - hj + h k + n) T(2h h 



« fc H. (1.3) 

_n! 1 (/ij - + ft fe J 1 (2/i fe + n) 

The 7^ corresponds to a metric on the space of quasi-primary fields. The quantity Cijk appears 
in the three-point function between the quasi-primary fields *&i(z), $j(z) and $k{ z )- The index 
k specifies all the quasi-primary fields occurring in the right hand side. The descendant fields 
for quasi-primary field $&(?£>) are (multiple) derivatives of $fc(u> ):d n &k(w)- Furthermore, the 
coefficient functions are written in terms of various Gamma function and they depend on the 
spins and the number of derivatives 0. As long as n > hi + hj — hk, one sees the regular terms. 
Otherwise (n < hi + hj — hk), the singular terms exist. By noting that the Gamma function 
has the following property r ^~^-j+^+") = (/ i ._/ 1 _._|_/ lfc )(/ li _/^._|_/ lfc _|_;L) . . . (j li — f l .J r f lh J rn — -\^ 

which is a Pochhammer function, for hi — hj + hk < (i.e., the spin of *&j(z) is greater than 
the sum of the spin of $i(z) and the spin of $&(;&)), the summation over n terminates to a 
finite summation. For example, when {hi — hj + hk + n — 1) is vanishing for particular n = no, 
then the coefficient for n > uq always contains this vanishing value (hi — hj + hk + n — 1). 
For the factor jJ^hk+n) ' ^ ere ^ s no zero f° r ^ e positive hk and n. Note that for different fc's 
(different quasi-primary fields), the corresponding spin h^s can be equal to each other. That 
is, for given singular terms, one has several different quasi-primary fields of same spin, we 
will see this feature in next sections. 

It is nontrivial to find out the possible quasi-primary or primary fields in the right 

hand side. For lower higher spin quasi-primary or primary fields, the number of quasi-primary 
or primary fields is very limited but as the spin increases, the number of quasi-primary or 
primary fields also increases. As mentioned before, in general, the quasi-primary fields in (11.31) 



4 Thc OPE of the stress energy tensor with the quasi-primary field does not have third-order pole. The 
primary field is also a quasi-primary field because it satisfies with this condition for the quasi-primary field. 
In general, the OPE between the stress energy tensor and quasi-primary field can have any nonzero singular 
term(s) with order n > 3. Of course, for the primary field, the trivial vanishing higher order singular terms 
with order n > 3 occur. In this paper, we restrict to the definition of quasi-primary field as follows: what we 
mean by quasi-primary field is the one which does not contain the primary field. When we say quasi-primary 
field, the nonvanishing higher order (greater than 3) singular terms exist. 

5 It seems to me that the expression (|1.3[) initiated by W. Nahm appeared in jTTJ [18] but I do not have this 
copy at the moment. I think one can find more details there. 
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are given in terms of composite fields between WZW currents of integer or half-integer spins. 
By construction, one obtains the OPEs from the basic fundamental OPEs between WZW 
currents. Then one gets all the singular terms for given spins hi and hj. It is better to analyze 
the most singular term and then do the next lower singular terms because once the lowest 
quasi-primary field (or primary field) is found, then its descendant structure is completely 
fixed according to (11.31) . Then after the nontrivial highest singular term is analyzed (the 
quasi-primary field or primary field appears in the right hand side), then the next singular 
term contains the descendant field for the previous quasi-primary or primary fields and the 
remaining terms contain the new quasi-primary fields or primary fields according to (II. 3p . 

In general, it is nontrivial to find these new fields. However, they should transform as 
quasi-primary or primary fields under the spin-2 current as we explained before. Therefore, 
one should compute the OPEs between the spin-2 and "the remaining terms" in the given 
singular terms. In general, this will include all the higher singular terms where the order is 
greater than 3. We have to figure out what kind of quasi-primary or primary fields occur. By 
taking the possible quasi-primary fields with undetermined coefficient functions, one should 
write down the remaining terms in terms of these quasi-primary or primary fields. Then the 
unknown coefficient functions can be fixed by using the condition that the third-order pole 
should vanish. Furthermore, one should compute the OPEs between the spin-| current and 
"the remaining terms" in order to see the complete structure of the possible quasi-primary 
fields. For the quasi-primary fields, there is no constraint on the singular terms but for the 
primary fields, the OPE between the spin-| current and the primary current should contain 
either the first-order pole or the second- and first-order poles. This implies that at least the 
OPE of spin- 1 and the primary field should not contain the higher order singular terms where 
the order is greater than 2. We will see the details in next sections. 

In section 2, after the M = 1 superconformal algebra and the "minimal" M = 1 super W3 
algebra [H] are reviewed, the higher spin currents in c = 4 free fermion model are described. 

In section 3, the higher spin currents in c < 4 coset model are constructed explicitly. 

In section 4, we summarize what we have found in this paper and comment on the future 
directions. 

In the Appendices, we will present some OPEs relevant to the sections 2 and 3. 

The M = 2 supersymmetric extension of (TJ, [2] with higher spin AdS^ supergravity has 
been studied in [191 EH EH [221 E31 Ell ES] where the dual conformal field theory is given by 
J\f = 2 CP^ Kazama-Suzuki model in two dimensions. Recently, in [26] . the Af = 1 minimal 
model holography is described. 

One can find that all the relevant works, along the line of [TJ E] , are presented in the recent 
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review papers [27] and also further works are given in [28j-[40j. 
The mathematica package [U] is used all the time. 

2 The higher spin currents in the c = 4 eight free fermion 
model 

2.1 The Af = 1 superconformal algebra: review 

Let us describe the M = 1 supersymmetric extension of Virasoro algebra. The M = 1 
superconformal algebra is generated by the M = 1 super stress energy tensor of spin-| [42J, 



T(Z) = ±G(z)+0T(z), (2.1) 

where Z = (z, 9) is a complex supercoordinate, T(z) is the usual bosonic stress energy tensor 
of spin-2 and G(z) is its fermionic superpartner of spin-|. The superconformal algebra, in 
components, is summarized by the three OPEs as follows. The OPE between the fermionic 
field of spin- 1 and itself reads as 

G{z) G(w) = 1 \c + — ^ 2T{w) + ■■■, (2.2) 

[Z — W) A 6 [Z — W) 

where the right hand side of this OPE contains the bosonic stress energy tensor as well as 
the central term. It is obvious that there is no second-order singular term because there is 
no spin-1 field. The standard OPE between the bosonic stress energy tensor and itself (i.e., 
Virasoro algebra) is given by 

T(z) T(w) = 7 rr ~ + 7 ^-77 2T(w) + , 1 : OTiw) + ■■■, (2.3) 

and finally, the fermionic field is primary with respect to T(w), i.e., 

T(z) G(w) = *-G{w) + dG(w) + ■■■. (2.4) 

(z — w) z 2 [z — w) 

Of course, the OPE G(z) T(w) can be obtained from f)2.4p in standard way. Then, the M = 1 
superconformal algebra is represented by (12.21) . (12. 3p and (12.41) or its AT = 1 single OPE with 
(12.11) . One can also express these OPEs using the (anti) commutator relations for the modes 
of T(z) and G(z), as usual. For the integer mode of G(z), one has Ramond algebra and for 
the half-integer mode of G(z), one has Neveu-Schwarz algebra. According to the definition of 
quasi-primary field, the stress energy tensor T(z) is a quasi-primary field. The coefficients 2 
in (T2Z2), 2 in (J23D and § in (J23H play the role of C ijk in and the central terms in (Q 
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and (12. 3p correspond to 7^ in ( II. 3p . Moreover, the relative coefficients | in (12. 3 p and | in 
(12 .4p appearing in the first-order singular term coincide with the general expression given in 
(II. 3p . In the Appendix A, we present more details on the coefficient functions. 

2.2 The "minimal" Af = 1 super W3 algebra where c = y: review 

The simplest extension of the previous M = 1 superconformal algebra is to add a single higher 
spin superprimary current of spin-| 

W(Z) = ±=U{z) + 9W(z) 1 (2.5) 

where W(z) is a bosonic spin-3 current and U(z) is a fermionic spin-| current. They are 
primary fields with respect to the stress energy tensor T(z), like as ( 12. Ah and furthermore, the 
spin-| current G(z) transforms U{w) into W{w) and vice versa (fermion goes to boson and 
boson goes to fermion). 

G(z) U(w) = t — - — rVEW(w) + • • • , (2.6) 
[z — w) 

and 

G{z) W(w) = . 1 4= U(w) + . 1 , 4= + • • • • (2-7) 

w v ; (^-w) 2 ^ (z-w)^ 

This implies that once any component field of ( 12. 5 p is found, then its superpartner can be 

determined automatically from (12. 6 p or ( 12. 7p . Again, the relative coefficient | appearing the 

first-order singular term in ( 12 .7p comes from the general expression in ( 11. 3p . The role of the 

spin- 1 current G(z) is very important and we will use this property all the time. 

By assuming that the OPE between the additional supercurrent (12.51) and itself does not 

generate any new superprimary current (i.e., the "minimal" extension), one can write down 

the possible structures in the right hand side of the OPE. The unknown coefficient functions 

can be determined by the so-called Jacobi identities for normal ordered graded commutators 

of the supercurrents T(Z) and W(Z). It turns out that the "minimal" Af = 1 super W3 

algebra is associative for c = y where the unitary representation exists and c = — | with 

nonunitary representation [II] . For c = y, the three OPEs in components are summarized 

as follows. The OPE between the bosonic spin-3 current and itself leads to 

w(z)w(w) = \ 6 ^+ , 1 x 4 27»+ 1 az» 

(z — w)° 21 [z — wp (z — w) 6 



+ 
+ 



1 



(z — w) 2 



—d 2 T + — (t 2 - —d 2 T 



1 



10 51 V 10 

1 :d ^ T +(-)-d (t 2 --8 2 T 



w 



z-w) L 15 v 2 y 51 V 10 



H + ---, (2. 
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which is exactly the same as the Zamolodchikov's W 3 algebra for c = y, as we expected. 
The coefficient | for the descendant field with spin-5 associated with the quasi-primary field 
of spin 4 in ( 12. 8ft comes from the general expression in ( 11.31) . The coefficients |, Jjr and ^ 
appearing in the descendant fields of stress energy tensor can be obtained similarly |j. 
The OPE between the spin-3 and spin-- is summarized by 



W(z) U{w) 



+ 



+ 



w) 



G{w) 



w 



(z — w) 2 

1 

(z — w) 
4\/6 /4 



d 2 G 



h^G+^fcT- 1 - 
"4 J ^/E 187 V 8 

[^^G+^^dtGT-^G 
V 15 ; V6 7 J 187 



17 V3 



TdG - GdT 



15 



:d 3 G 



H + 



(2.9) 



We intentionally write down the coefficients |, \ and ^ for the descendant fields for the spin- 



in 



| field in the right hand side ( 12. 9 \ in order to emphasize that they can be determined from 
(11 .3p . There are two quasi-primary fields of spin-| and spin-|. The coefficient | appearing 
in the descendant field for the former can be obtained from the general formula. The first- 
order singular term consists of the descendant field d 3 G(w) for G(w), the descendant field 
d(GT — ^d 2 G)(w) for spin-| quasi-primary field (GT — ^d 2 G)(w) and the quasi-primary field 
(|T9G — GdT — jjrd 3 G)(w) of spin-|. In other words, three independent terms, characterized 
by d 3 G(w),dGT(w) and GdT{w) are rewritten in terms of above three terms [j. 



Finally, the spin-| and spin-| OPE is given by 



U{z) U{w) 



1 



+ 



K z — w) 
1 



4 

- + 



,z — w) 



[Z 



10 



-d 2 T 



63 
68 



2T(w) + 

T 2 _ l_ d 2 T 



[z — w) 



■ dT(w) 



-puu 



(w) + 



(2.10) 



The relative coefficients \ and appearing in the descendant fields for the stress energy 
tensor T(w) can be analyzed previously and provide the correct values. In the first-order 



6 The quasi-primary field has the following OPE with the stress energy tensor T(z) (TT — j^d 2 T)(w) = 
jrz^xi (y + c) T(w) + (D((z — w)~ 2 ) where there is no third-order singular term. 

7 One can easily get the following OPEs in order to check whether they are really quasi-primary fields or not. 
They are T{z) {GT - \d 2 G){w) = y^ f G(w) + <D((z - w)- 2 ) and T{z) (§T<9G - GdT - ~±d 3 G)(w) = 



(z—w) 5 5 



~G(w) - (z J tu) 4 (-§) ^-dG(w) + 0((z - w) 2 ). The coefficient -| coincides with the general 
expression (jf .3[) by substituting hi = 2,hj = ^,hk = I, and n = 1. The minus sign is due to the fact that 
hi — hj + hk = — 1. In the Appendices B,C we present other quasi-primary fields and their OPEs between 
TO) or G(z). 
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singular term, there exist a quasi-primary field (T 2 — j^d 2 T){w) and primary field of spin-4 
[TO] given by 



.L& T + JL( T 2 --d 2 T) -one 

10 12 V 10 



(2.11) 



where the central charge c = y is used. For the general c, the coefficient ^ should be replaced 
by ( 29 1 ^ 5c - ) ■ Note that this primary field is not an additional field because this can be obtained 
from the currents T(w) and G(w). In this example, at the first-order singular term of (12.100 . 
there are two kinds of quasi-primary fields. In the language of ( 11.30 . for fixed hk, there are 
two degeneracies. More precisely, one is spin-4 quasi-primary field and the other is spin-4 
primary field ( 12.110 . We will see that this primary field (12.110 has unusual OPE with the 
above spin-I current G(z) in the next subsection. 

2.3 The c = 4 free fermion model 

Then how does one obtain the consistent generalization of the above minimal extension of W3 
algebra for arbitrary central charge? We will consider the particular supersymmetric coset 
model introduced in the introduction. Before we will go into the details, we describe its 
particular limit where one sees all the algebraic structures. 

Let us consider the eight fermion fields if) a of spin-| where the SU(3) adjoint index a runs 
from 1 to 8(= 3 2 — 1). In this paper, N is fixed by 3. The OPE of this fermion field is given 
by 

r(z) tf(v>) = -T^y \s* + ■■■■ (2.12) 
Let us define spin-1 Kac- Moody current J a (z) as 

J a ( z ) = f abc ifj b ifj c ( z ). (2.13) 
Then it is easy to compute the OPE between this spin-1 current and itself and it leads to 

r M J 'M = -(dwl S " b + (7V JCW + " ' ' (214) 

where the level is given by 3. Similarly, one obtains 

i; a {z) J\w) = -. 1 . f abc i) c (w) + ■■■. (2.15) 
(z — w) 

In the context of (fL~3"0 . the above OPEs (12120 . ( 12TT40 and ( 12150 can be described easily. 



For a given J\f = 1 super Kac-Moody algebra where Q a (Z) = \^3^ a (z) + 9 J a {z) 1 char- 
acterized by (I2.12p . (I2.14p and (I2.15p . the M = 1 superconformal algebra is realized by the 
spin-2 current 



and the spin-| current 



T(z) = ip a dip a (z) (2.16) 



G{z) = -^j=rJ a {z). (2.17) 



They satisfy fl2J2]), (USD and flU} for c = 4. Then the normalizations in fl2~16|) and fl2~l7j) are 
fixed automatically. 

Now it is ready to construct the higher spin currents. It is known, in [13], that the spin-3 
current is described by the third order Casimir operator for = SU(3), 



W(z) = ] J- [ ^ E td abc rj b J c (z), (2.18) 

where d abc is a completely symmetric traceless SU(3) invariant tensor of rank 3 and spin-1 
current is defined as f )2.13p . As we mentioned before, its fermionic superpartner of spin-| can 
be determined from the relation (I2.7P with (I2.17P and (" 12 . 181) 



U(z) = ^td abc rJ b J c (z). (2.19) 

So far, the currents are given by the M = 1 superconformal generators and M = 1 W3 
supercurrent. However, one realizes that there appear the additional higher spin currents 
once one computes the OPEs between these currents. 

In [9], the extra higher spin currents are given. Let us present them in M = 1 superspace 
with their components. We denote their spins in the subscript and we use the prime notation 
in order to describe the different field content with same spin 



W(Z) 


1 

Vq 


u(z) + ew(z 




= Or( 

2 


z) + 9 4 (z), 


d*(z) 


= OA 


[z)+9 0»_(z), 




= A n 


{z) + 9 0, l {z). 

2 


d*(z) 
2 


= o 9 » 

2 


(z) + 9 5 (z), 




= On 

2 


(z) + 9 6 (z), 


d 6 (z) 


= o & { 


'z)+9 f (z). 



(2.20) 
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One can also introduce the normalization factor , in front of ^-independent term, like 

as W(Z). Some of the currents were found explicitly in [9]. We will complete the higher spin 
currents in terms of eight fermion fields tp a (z). In particular, we will compute some OPEs 
between W(Z), Oz(Z) and 0^(Z\ There is no reason why we consider O^(Z) rather than 
0^(Z). In doing these computations, one finds that the unknown higher spin currents arise 
in the right hand side of the OPE. We would like to construct the 12 higher spin currents in 
terms of ip a (z) explicitly. 

Let us consider the lower higher spin currents first. 

• The construction of higher spin supercurrents Oi_[Z) and O^Z) 

Let us first consider the OPE between the spin-| currents. By using the defining equation 
(I2.12p . (I2.15P and (I2.19p . one obtains all the singular terms. It turns out that the OPE reads 

18 1 „ m/ x 1 



U(z) U(w) 



+ 



(z — w) 

1 

(z — w) 



+ 



w 



2T(w) + 



w 



dT(w) 



-d 2 T+- 
10 14 



T 



-FT ) + P 4 



uu I ryuu 



where the spin-4 primary field is given by 

75 



puu { 



z) 



407 



10 42 



r-p'2 



-d 2 T 
10 



+ GdG 



H + ---, (2.21) 



(2.22) 



which is identically the same as the one in (12. lip with c 
primary field, compared to the OPE (I2.10p . arises as [10] 

It 



4. Note that the new spin-4 



PT(z) 



407 



ip a d ip a (z) + other lower order derivative terms, 



(2.23) 



where we present only eight terms among 156 terms. In the context of (II. 3p . at the first-order 
singular term, there are triplet degeneracies for given spin-4 (quasi)primary fields. One way 
to see this extra new primary field (I2.23P is to subtract j^d 2 T(w)-term, {TT — j^d 2 T)(w)- 
term with arbitrary coefficient, and spin-4 term (12. 22ft with undetermined coefficient, from 
the first-order singular term. Then these two unknown coefficients (^ and ^) are fixed by 
the (quasi)primary condition. This spin-4 field (12.231) will provide some component field of 
J\f = 1 superprimary field Oz(Z) or 0±{Z). 

Let us move on the next OPE between the spin-3 current (12.181) and the spin-| current 
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(2.24) 



Compared to the minimal extension in previous subsection, there exist two new primary fields 
[TU] . One is spin-- field 



Oi(z) 



37 J 



" bc ifj a 'ijj b d 2 i(j c (z) + other first-order derivative terms 



(2.25) 



where we present only the highest derivative terms among 99 terms. The other is spin-| field 



0*(z) 

2 



4y/2 

" 23T 



f abc ijj a ij} d 3 i{j c (z) + other lower order derivative terms 



(2.26) 



which consists of 270 terms. The structure constant and in (I2.24p are determined 
by (quasi)primary condition as before. In general, these are given in terms of the central 
charge and since we are considering c = 4 model, they are different from those in (I2.9p . The 
advantage of c = 4 model is that since we know the explicit form for the WZW currents, one 
can always compute the OPE and find out the singular terms. However, the construction 
in minimal extension is based on the assumption that there exist some extended generators 
whose realizations are not known. Therefore, one has to write down the possible structures 
with unknown coefficient functions in the right hand side of the OPE and then use Jacobi 
identities to fix them. The main things one should do in this subsection and next section is to 
arrange the known singular terms and extract all the possible (quasi)primary fields by using 
the relation ( 11.3D or the expression in the Appendix A, I 1A.1I) and ( 1A.2I) . 
For the spin-3 current ( 12.181) and the spin-3 current OPE, one obtains 
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(2.27) 



where the primary field of spin-4 is 

48 



FX 



407 



7 17 
10 42 
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-d 2 T 
10 



GdG 



(2.28) 
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and the new primary spin-4 field [TO] is 

2 

P$ w (z) = j^^ip a d 3, i{) a (z) + other lower order derivative terms (2.29) 

whose number of terms is the same as the one for spin-4 field in (I2.23p . Note that these 
two currents do not appear in ( 12. 8p . The spin-4 field (I2.29P will provide some component of 
superprimary field Oz(Z) or O^(Z). Although the spin-4 field (12.221) or (I2.28P is primary under 
the stress energy tensor, the OPE with spin-| current has unusual behavior as mentioned 
before. If the primary field is one of the components in the superprimary field with given 
spin, it should transform like as ( 12. 6 p or ( \2.7h . However, the OPE of this spin-4 field and the 
spin- 1 current has third-order and fourth-order singular terms. This implies that there is no 
superpartner for this spin-4 field E- 

So far the spin-3 current and spin-| current are given in ( I2.18P and ( I2.19P while the spin-| 
field and the spin-| field are found in (I2.25P and (12.261) respectively. They are located in the 
first three supercurrents in the list (I2.20p . Now one should find out other higher spin currents, 
the superpartners of Oz(z) and Os)(,2), in terms of eight fermion fields. 

How to determine the other higher spin currents corresponding to 0^{z) or 0#(z)l Let 
us look at the OPE between the spin-| current G(z) and the spin-| current Oi{w). Since we 
have explicit forms in (I2.17P and (I2.25P respectively, we compute this OPE and it turns out 
that this OPE leads to the following first-order singular term with ^g-P™ + VGP$ W ^J (w) 
where the spin-4 currents are given in ( I2.23P and ( 12.291) as before. This implies that one can 
construct the following current of spin-4, due to the M = 1 supersymmetry, 

A (z) = {^-j^T + y/GP«\ (z). (2.30) 

That is, one has 

G(z)Oi(w)= . 1 : Q 4 H+-. (2.31) 

2 (Z — W) 

One also checks that the OPE G(z) with 0&(w) leads to the expected singular terms with 
Oi(w) by Af = 1 supersymmetry. It turns out that 

G(z) A {w) = - — — ^ 70r (w) + . 1 . dOi (w) + ■ ■ ■ . (2.32) 
(z - w) 2 2 (z-w) 2 

Furthermore, one computes the OPE between the spin-| current G(z) and the spin-| 
current Og(iy) ( 12.261) in order to determine the superpartner with spin-4 field. It turns out, 



8 More explicitly, one obtains the OPE G(z) {TT + §GdG - ^d 2 T)(w) = — ±§§i G(w) 
I -J- J7 (-l)l^dG(w)+0((z- W )-^. 
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similar to (12. 7p . that 

G(z) 0<j(w) = 1 80 4 ,(w) 
2 (z — w) 2 

where the superpartner of Os(z) is given by 



w) 



d0 4 <(w) + ■ 



OAz) 




2 -PT - ^Vepr 



(2.33) 



(2.34) 



In general, the coefficient in the second-order pole in (I2.33f) is equal to 2 times the spin of 
the current appearing in that singular term. In (12 .33 p . 8 = 2x4 while in ( 12.32ft . 7 = 2 x |. 
Similarly, one has, like as (12. 6p . 

1 



G(z) 4 ,(w) 



w 



Og(w) + 



(2.35) 



Therefore, the supercurrents 0^{z) and 4 {z) in (12.201) are determined completely 

We have constructed the supercurrent Oi{Z) with (12.311) and (12. 32ft and 4 (Z) with ( 12.331) 
and (I2.35P in the list of (12.201) . Actually, these were found in [9]. Their component fields are 
given by f!2.25j) . (12.301) . (12.341) and (12.261) . In J\f = 1 notation, the above superfusion rule 
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07 
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between the supercurrent W(Z) and itself can be rewritten as 
The right hand side of this OPE contains two higher spin superprimary fields. 

Then it is natural to consider the OPE between W{Z\) and Oi{Z 2 ) which is the next 
lower higher spin supercurrent. 

• The construction of higher spin supercurrents 4 >(Z) and 0±{Z) 

Now it is ready to obtain the other next lower higher spin currents in ( I2.20p . Let us 
compute the OPE between the spin-| current U(z) given in (" 12 . 1 9 [) and the spin-| current 
0|(u>) given in ( 12. 25ft . It turns out 

1 36 



U(z) Or(w 
1 



,z — w) 



185 



W(w) 



+ 



+ 



(z — w) 

1 



v 3 ; 185 481 I 



[z — w 
764 



+ 



8325 



14 ; 185 V 481 

TW - -d 2 w) + -^-= 
14 J 5550^ 



V6 



d[GU- ^—dW + (-)d0 4 



GdU - -dGU 



+ 



(2.36) 



3 It is convenient to write the OPEs G(z) P£ u (w) = {z } wyl V&07_(w) + -^^ (ifd07 + 2\/60|) (i 



h + 



and G(z) PJTW = ^VfOjH + ^ (|V650. , y 3 
primary fields P£ u (z) and P™, w {w) are not good for the M = 1 supercurrents 



Oa ) (w) +•••. This is the reason why the 
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For the primary field W(w) with the structure constant ^ in the right hand side, the relative 
coefficients for its descendant fields appearing in various singular terms can be read off from 
(11.31) . See also the Appendix A for detailed coefficients in the structure constants. Let us 
look at the second-order singular terms. The first term originating from W(w) is fixed. How 
one can see the next quasi-primary or primary field? From the second-order pole, one can 
compute the OPE between T(z) and the second order-pole subtracted by (|)^cW(u>), in 
order to extract the possible quasi-primary fields (i.e., the exact expressions and the number 
of quasi-primary fields). Then one obtains T(z) ({UOr}_ 2 - (D^dw) (w) = +0((z - 
w)~ 2 ). In other words, it transforms as a primary field. However, one also computes 
G(z) ({UOr}_ 2 - (l)§-dw) (w) = ^ U(w) + 0((z - w)' 2 ) This implies that 

the remaining terms in the second-order pole contain a primary field with unusual behavior 
with G(z). Can we obtain this explicitly? Yes, by subtracting GU(w) plus other derivative 
term with unknown coefficient into above second-order singular terms, one can remove the 
unwanted third-order pole which is proportional to U(w) by choosing the correct coefficient. 
This is due to the fact that when one computes the OPE G(z) with GU(w), one has U(w) 
term in the third-order singular term via (12. 2p . Therefore, one can think of (GU — ^dW)(w) 
as a possible candidate for the primary field we want to subtract The coefficient — m 
(12. 36 ft in front of this field is fixed by requiring that there should be no third-order pole from 
the superprimary condition. Then we are left with the following primary field. The spin-4 
primary field is given by 

384 l~2 

Oi"(z) = \ — it/j 1 ^ 2 ^ 3 ^ 4 ^ 5 ^ 6 ^ 7 ^^) + other derivative terms. (2.37) 

13 | 5 

Let us consider the last first-order singular terms. The first line of these terms in (12.361) 
describes the descendant field for the spin-3 current and two descendant fields for the spin-4 
primary fields. As before, we compute the difference between the whole first-order singular 
terms and those three descendant terms and make sure that there should exist two quasi- 
primary fields presented in the second line of the first order-singular terms in (12. 36 h . The OPE 
T(z) with [{[/Or}_i - first line] (w) leads to M W ( W ) + °(( z ~ w )~ 2 )- This im P lies 

that one should consider the extra quasi-primary field, TW(w) plus derivative terms, in 
order to cancel the fourth-order term ^§§W^(it;) for the superprimary condition. Furthermore, 
one should also compute the OPE between G(z) and {UOi}-\ — first line (w) and it leads 

to jz=w? m\/l u ( w ) + x^W ( - i>H\/i 9c/ H + °(( z ~ w )~ 2 )- This also indicates that 



10 We use a simplified notation here {UOz}^2(w) for the second order pole of (|2.36p in the spirit of [13, 3~lll6|. 

11 One obtains the OPE G(z) (GU - &dW)(w) = ^-U{w) + 0((z - w)~ 2 ). See also the Appendix 
C. In JV = 1 supercurrent, this primary field originates from TWiZ^) [9 . 
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one should consider the extra quasi-primary field consisting of GdU(w),dGU(w) and other 
derivative terms, in order to remove the higher singular terms above. Then, finally the 
consistent coefficients, and 55 |^/g , in the second line of first-order pole in ( I2.36P are fixed 
from the above analysis (i.e., superprimary condition) and we are left with the following spin-5 
primary current 

5 (z) = — — J— % f abc d ade i{j b ij c ^ d d 3 ^ e (z) + other lower order derivative terms. (2.38) 
225 V 15 

Therefore, we have obtained two primary currents (12.371) and ( 12. 38 ft where the former is 9- 
independent component field of 4 /(Z) and the latter is the ^-dependent component field of 
6&(Z). 

2 

Let us compute the OPE of spin-| current (I2.19P and spin-4 current (I2.30P in order to find 
the superpartners corresponding above two primary fields. One obtains each singular terms, 
starting from fourth-order singular term. We present the final result first and then explain 
how we obtain this result explicitly 

c« o.(») = -^uh + (-^dun 

■ J_ W6 W96 / _ 1 g, \ 23V6 / I X 

V 30 ; 37 12025 \ 6^ / 7215 V 4/5 

'-L)«fyu + e (W - 4W) + (1)^8 frc/ - >t/ 

210 ; 37 V 12025 V 6^ / 3 ; 7215 V 4 

«;) + ■••. (2.39) 



1 

4 



[z — w) 2 
1 



+ 



z - w 



+ (^)aP | + Qn 



The structure of the right hand side looks similar to ( I2.36P by changing W(w) into U(w) and 
vice versa. Once the structure constant in the highest order singular term is found, then 
the other relative coefficients in the lower singular terms, associated with the spin-| current 
U(w), are automatically determined through the formula (II .3p . Now we should find out other 
terms in the right hand side of (I2.39p . Let us look at the nontrivial second-order singular 
terms. One should make sure that there exist three extra quasi-primary fields including 
the last primary field with the right structure constants. As we did before, we compute the 
OPE between T(z) and ({tf0 4 }-a - (^)^d 2 u) (w). This OPE has ^fiU(w) in the fourth- 
order singular term. This shows that the extra quasi-primary field should contain TU (w) term. 
Moreover, one should also compute the OPE between G(z) and ({f/0 4 }_2 — (^))^^ 2 ^) ( w ) 
and this OPE has the following third-order singular term jtz^s ^W(w). Then one can 
consider GW(w) as a quasi-primary field with some derivative term. By subtracting these 
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two candidates from the second-order singular terms, one arrives at the final new spin-| 
primary field 



P|(z) = -L ^id^ c f b ^f c f 9 ip a >ip d ip e ip f cPip 9 (z) + other first-order derivative terms, (2.40) 

which will play the role of component field of some superprimary field. 

Let us focus on the next first-order singular term. Now one can write down all possible 
descendant fields coming from the quasi-primary fields of spin-| and of spin-| with correct 
coefficient functions. Then we are left with the following quasi-primary field of spin-^- 



«*W - ~Jl {t S u-\ 8 tu- 1 - 3 >u) ( » 




4 — \GdW-2dGW- — \ -d 3 u) (z) + - (GO*, --d0 9 >) (z). (2.41) 
1011 21 V 3 / 4 V 9a/ 

Of course, this expression is written in terms of various WZW currents and it is nontrivial 
to write down this in terms of (12.411) . Note that there exists a new primary field Og'(z) in 

2 

the right hand side of (I2.4ip . From the newly obtained spin-4 primary field in (I2.37p . one 
computes the OPE of G(z) with 0^"(w) and it leads to a nonzero first-order singular term 
which is equal to the above Og'(w) where 

2 

Oa>(z) = -— \ -id abc f bde f cf9 i) a ^ d i) e i) f d 2 ^ 9 (z)+o\ J \iei first-order derivative terms.(2.42) 
2 65 V 5 

For double check, one also computes the OPE between the G(z) and this field Oq>(w). This 

2 

provides the consistent result. That is, the second-order singular term has 80^/ (w) while 
the first-order singular term is given by d0^i(w). Then these are combined into a single 
superprimary field O^(Z) as in (I2.20p . One should find out the remaining current Ogniz). 

2 

The quasi-primary property of f)2.4ip can be checked by the following OPE with T(z) 

1 72 1 1 72 

+ 0((z - it-)- 2 ). (2.43) 

There is no third-order pole. Furthermore, one also has the following OPE with the spin-| 
current 



+ 



1 



3 



[z-w] 

0{{z-w)- 2 ). (2.44) 
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Note that in (|2.41|) . one sees that one can check three quantities specified by the bracket are 
quasi-primary fields. In the Appendices B, C, we present some properties of the various quasi- 
primary fields we are describing in this paper. According to the definition of quasi-primary 
field introduced in the introduction, any linear combination of quasi-primary fields leads to 
another quasi-primary field which can be written in terms of the known currents. 

Let us consider the next OPE between the spin-3 current (12.181) and the spin-| current 
(I2.25P in order to complete the OPE between W{Z\) and 07 (Z2). The result is as follows: 
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d 2 U 
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(w) + 



(2.45) 



This looks similar to the previous OPE (12. 39 p . As before, once the structure constant appear- 
ing in front of U(w) in the right hand side of (I2.45P is found from the corresponding singular 
term with WZW currents, the relevant coefficients associated with its descendant fields in the 
second-order and first-order poles are known from (11.31) . Then the next step is to look at the 
next nontrivial lower singular terms in order to see whether there exists a new primary field 
or not. If not, one should write down the singular terms in terms of known quasi-primary 
fields or new unknown quasi-primary fields. One has to compute the OPE between T(z) and 



(( 



WOv}^ 2 
-2\ 



d 2 Uj (w) which becomes 



;U(w) 



•3\ 9 



dU(w) + 0((z - 



10/37" ^ ) \^ / — — — " ( z -w) 4 37 V l (z-w) 3 V5/37 v 

wy). On the other hand, the OPE with G{z) leads to —^^W(w) in the third-order singular 
term. This indicates that one can extract the two quasi-primary fields in the second-order 
singular terms and the structure constants are fixed by primary condition. The remaining 
terms are characterized by two independent spin-| currents P9.(w) (12.401) and Og'(w) (12.421) 
we have considered before. Now we describe the first-order singular terms. Since we have 
found two quasi-primary fields as well as two spin- 1 primary fields at the second-order singular 
terms, their coefficient functions are determined without any ambiguities. So we should look 
for any quasi-primary fields after extracting those known field contents from the first-order 
pole. Then the remaining field is spin-^- quasi-primary field 



Qii'(z) 



^Jl( Ga w-2aGw-lJ^u ]{ ,) 
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64935 



TdU - -dTU - -d 3 U) (z) + 



\^\{ G0 ^"-l d0 %)^- (2 - 46) 
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All the field contents for this quasi-primary field are given in terms of previously determined 
quasi-primary fields. Each quasi-primary field in (I2.46P also appears in (I2.4ip . The only 
difference is the relative coefficients between them. As we have seen in (I2.43P and (I2.44p . one 
computes the following OPE 

1 80 , 1 

[z - wY ^ 5 ' 777 



T(z) Qixiw) 



{z - wf 777 
+ 0((z-w)- 2 



80 tt / \ 1 X N 80 orr/ \ 
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(2.47) 



There is no third-order pole. Similarly, one has 
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(2.48) 



Of course, the field contents in the right hand side of (I2.47P and ( 12.481) are the same as those 
in (I2.43P and (12.441) . as we expected. So far, we have found two primary fields (I2.40p and 
(I2.42p which will play the role of undetermined spin-| current 09"(z). 

We consider the OPE between spin-3 current (12.181) and spin-4 current (I2.30p . One obtains 
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(2.49) 



By identifying the highest singular term from the explicit expression of the OPE, one can write 
down the descendant fields with correct coefficient functions for the spin-3 current W(w) in 
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the right hand side. Now the first nontrivial third-order term can be analyzed. One computes 
the OPE between T(z) and ({W0 4 }_ 3 - (D^dW) (w) and this OPE does not produce any 
higher order (greater than 2) singular terms. This fact leads to the appearance of primary field. 
What about the OPE between G(z) and ({^0 4 }_ 3 - (D^dW) (w)1 The third-order term 
of this OPE contains ^U(w). Therefore, one can extract the primary field containing GU(w) 
from the third-order pole. We are left with the spin-4 current ( 12.371) we have described before. 
Since the third-order singular terms are determined completely, let us move on the second- 
order term. Due to the formula (11.31) . one easily extracts the first line of the second-order 
terms in (I2.49P from the whole second-order pole. Then one can compute the OPE with 
T{z) and ({W0 4 }^ 2 - first line) (w). The nontrivial part of this OPE contains ^^W(w) 
at fourth-order pole. For the OPE between G(z) and ({WO.i}-2 — first line) (w), there are 
^U(w) in the fourth-order term and (—^)^dU(w) in the third-order term. These two facts 
lead us to subtract the two quasi-primary fields corresponding to TW(w)(and derivative term) 
and GdU(w)(a.nd other terms) respectively. After subtracting these two quasi-primary fields 
properly in the second-order pole, we end up with the spin-5 primary field ( 12. 38ft we discussed 
before. Moreover, one has the following spin-5 quasi-primary field 

458 /2 /_ Tir 3 n9rTT \ , s 19 /^ OTr 5_ Tr V6 2 x 



* W = V w - u aw ) M " 3330 [ Gau ~ f GU ~ T dw ) M (250) 

and its OPEs with T(z) and G(z) are given by 

T(z)Q 5 (w) = r ^-^ 1 -^^W(w) + 0((z-w)- 2 ), 
[z — wp 1295 

G(z)Q 5 (w) = --J—J^U(w)--^— 3 (-h^dU(w) 
(z — wp 2590 [z — w) 6 5 2590 

+ 0{{z-w)~ 2 ). (2.51) 

One sees that there is no third-order pole in the first equation of ( I2.5ip . All the structure of 
the second-order pole is fixed, and one also describes the last first-order pole. By subtracting 
the three descendant fields (coming from spin-3 primary field and two spin-4 quasi-primary 
fields) and the remaining two descendant fields coming from the spin-5 quasi-primary fields 
appearing in the second-order pole, one realizes that there exists a spin-6 quasi-primary field 
that is 

Q 6 (z) = ^{G^U-A d GdU^GU-^w) { z) 

192 3_„ + 1, 2 




{tow - l&rw - \d*w) {z) + \f~ 
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G0 9J - -d 2 A n ) ( z ). (2.52) 
2 9 
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One can easily compute the following OPEs 
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(2.53) 



One sees that there is no third-order pole in the first equation of f 1 2 . 5 3 j) . 

Therefore, we have constructed the supercurrent 0#(Z) and 0§.(Z) in the list of (12. 20 p . 
Originally, the expression 0#(Z) was in [9]. Their component fields are given by (12.37(1 . ( 12.42ft 
and (12.381) . Furthermore, the remaining component field is written as 



O a »(z) 



O 



5 2 



(2.54) 



where the component fields are given in ( 12.42(1 and ( 12.40(1 . In order to see whether ( 12.541) 
is the right superpartner of the current 0*,{z), one can check the OPE between G(z) and 
Oa"(w) and it turns out that the first-order pole provides the spin-5 exactly like as ( I2.3ip . 

2 

Moreover, the OPE between G(z) and 0^(w) gives the correct singular terms where the second 
order pole has 90g»(w) and the first-order pole has dOa"{w) like as (12.32(1 l 12 l . One has the 



following superfusion rule 
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2 
2 



Now it is ready to compute the 



OPE between W{Z\) and O^i^Z^ where we will find the remaining higher spin currents. 
• The construction of Ou(Z) and Oq(Z) 

Let us describe the OPE between the spin-| current ( 12. 19j) and the spin-4 current ( 12.37(1 . 
We present the final result. 
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2 It is convenient to obtain the OPE G(z) Pa(w) = 



Therefore, one should consider the equation (|2.54l) in order to remove the unwanted terms Oin(w) and its 
descendant field. 
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(2.55) 



From the highest singular term in (I2.55p . the structure constant for spin-| current can be 
determined and the formula f jl.3f> with this numerical value gives the explicit form for some 
part of the next singular terms. As before, one can extract this descendant field in the 
second-order singular term and the remaining term can be written in terms of the spin-| 
current (I2.26P we have seen before. Now one can go further. In order to find out the non- 
trivial first-order singular term completely, one can compute the OPE between the T(z) and 

({/70 4 »}-i 



3 ^ 8ss d 2 0i + (DH^Og)^). This leads to the nontrivial fourth-order pole with 



56^ 65 



^H^Oz(iy) and one can extract the quasi-primary field containing TOi from the first-order 
pole. Furthermore, the OPE between G{z) and ({t/0 4 »}-i - (i)lf d 2 Or + (±)§ dOv )(w) has 



the nontrivial third-order singular term with (~ fffyl-P^ + i w )- Then one can 

consider the two quasi-primary fields containing GP 4 T(w) and GP$ w (w) respectively. Finally, 
one arrives at the new spin-y current, by rearranging the first-order terms as done before, 
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f a c ^ a ^ d ip c (z) + other lower order derivative terms, 



(2.56) 



which is the ^-independent term of Oii(Z). 

Now let us consider the spin-| current (12. 19ft and the spin-| current (12.421) . in order to 
determine other unknown higher spin currents. The result is 
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In this case, the first nontrivial primary fields in the right hand side are given by f!2.23j) 
and (12 .29 p . How to extract the quasi-primary field in the second-order pole? Actually, 
there exists a primary field of spin-5 but its OPE with G(z) has unusual behavior. See 
the Appendices B,C. There is third-order pole which is given by ^^Ot(w). Then one 
tries to write down the primary field as the one in the third term of second-order pole in 
( 12.57R . By taking the derivative to these second-order terms with appropriate coefficients 
coming from (II. 3p and subtracting them, we are left with nontrivial terms in the first-order 
singular terms. We want to check whether there exist four quasi-primary fields and a single 
primary field right or not. In order to do this job, one should compute the OPE between 
Tiz) and {{UOs'}-i — first three descendant fields)(w). This turns out that the fourth-order 

2 

term of this OPE is given by ^J\P^{w) - ^^P^ w (w). It is natural to consider the 



65 V 3 4' \™J 65 

quasi-primary field containing TP^, u (w) and the quasi-primary field TP$ w (w) with possible 
derivative terms. Moreover, the OPE G(z) with ({f/Os'}-i —first three descendant fields) 



i 



produces —^-Or(w) at the fourth-order term and {—\)^^dOr{w) — ^^Oa{w) at the third- 
order pole. This allows us to take the two additional quasi-primary fields as in ( 12. 57(1 . Finally, 
after subtracting the above four quasi-primary fields properly (with correct coefficients), we 
are left with the following new spin-6 primary field 

17 

Pe(z) = = ib a d 5 ijj a (z) + other lower order derivative terms. (2.58) 

8418^6 

This will play the role of the final spin-6 current we are looking for. So far, we have found 
two primary fields (I2.56P and ( 12.58(1 . 

Now we continue to describe the OPE between the spin-3 current ( 12.18(1 and the spin-4 
(12.37(1 current as follows: 
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The right hand side looks similar to the OPE (I2.57p . For given structure constants on the two 
spin-4 fields, its descendant field terms are completely fixed and one computes the OPE be- 
tween T(z) with ({W04»}^2— two descendant fields) (w) and this leads to the fact that there is 
no higher order singular term (the order is greater than 2) implying that the extra terms should 
correspond to the primary field. On the other hand, the OPE between G(z) and ({WO^r}^ — 
two descendant fields) (to) provides the nontrivial third-order pole with 81 ^ Q?(tc), Then the 
corresponding primary field can be written in terms of GOz(w) plus other derivative terms in 
(I2.59p . Based on the results for the second-order pole, one obtains the correct three deriva- 
tive terms in the first-order singular terms (coming from the second-order pole). Then one 
can compute the OPE between T(z) and {{WO^i}^ — three descendant fields) {w) which 
will determine the possible quasi-primary fields we should consider. There exists fourth- 
order pole in this OPE which is given by -^-P^i u (w) + ^-P^ w (w). This indicates that 
the quasi-primary field should contain TP$ u (w) and TP$ w (w) respectively. For the OPE 
G(z) ({WO^>}^i — three descendant fields) (to), one sees that there are 32 ^^ Ot(w) at the 
fourth-order pole and (-^)^§fldOi(w) at the third-order pole. Finally, after extracting the 
new four quasi-primary fields from the first-order pole, one arrives at the following new spin-6 
primary field 

121 

Pr'{z) = tb a d ib a (z) + other lower order derivative terms. (2.60) 

V ; 820755 w v K ! K J 

This is another candidate for the spin-6 current in the list (I2.20j) . 

Since we have found the spin-y current (12. 56 p . it is obvious to find out its superpartner 
G (z) current. By computing the OPE G(z) with Ou(to) which should generate Oq(w), one 
concludes that it consists of the linear combination of previous spin-6 fields (12.581) and (12.601) 

6 (z) = -P 6 (z) + V6P & (z). (2.61) 

Similarly, one can compute the OPE between G(z) and the current Oq(w) and it turns out 
that the second order pole has HOn(w) and the first-order pole has dOu_(w), as expected. 
Therefore, we are left with two unknown spin-y current and its superpartner spin-6 cur- 
rent. However, the last spin-6 current can be obtained from the previous independent spin-6 
currents. Effectively, one is left with the highest spin-y current in (I2.20p . 
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Let us consider the last most complicated OPE between the spin-3 current (" 12 . 18[) and the 
spin- 1 current (I2.42p in order to find out the last unknown spin- 1 ^ current: 
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(2.62) 



The independent fields in the right hand side up to the second-order singular terms are 
exactly the same as the one in the OPE (12.551) . First of all, one can easily check that the 
third-order pole in (I2.62p contains a primary field of spin-| current (I2.26P after subtracting 
the descendant field for Oi(w). For the second-order pole, one should find out new structures 
after subtracting the right quasi-primary fields with correct coefficients. Let us compute 
the OPE between T(z) and ({WO^}- 2 - {^)^fi-d 2 Or_ + U)^J^d09_)(w). This OPE 



contains 
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3 \ 444V6£)2 
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at the fourth-order pole. The OPE between G(z) and ({VF0 9 /}_ 



d 2 Or + 

2 



i\ss /2QOg)( w ) produces ^-P$ u (w) - ±^-P$ w (w) at third-order pole. 
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Then the correct three quasi-primary fields with the right coefficients can be subtracted 
from the second-order pole. After that, we are left with the spin-y current (I2.56p . It is 
ready to find out the complete structure of the first-order singular terms. The OPE between 
T(z) and ({WO 9>}-i — derivative terms) (to) contains 82 ^^ Oz(w) at the fifth-order pole and 
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{-±)^fidOz(w) - ^§fiOv(w) at the fourth-order pole. Similarly, one has -fff^T 



24192 



65 u "~ — — — — — ■ """xx^xj, — xx^ 715-4' W 

T15 ^P 4 ^(u;) at the fourth-order pole and -(-\)^dP% a (w)-(-\)^^dP$ w (w) at the third- 
order pole when one computes the OPE G(z) with ({W09'}-i — derivative terms) (w). From 

2 

this analysis, one can write down the possible four quasi-primary fields with fixed coefficients. 
In the Appendices B, C, one sees the various properties between the currents T(z) or G(z) and 
those quasi-primary fields. We will also explain the general structures of quasi-primary fields 
for given known quasi-primary fields, $i(z) and &j{z) found by [15J. The nice thing is that 
once the OPE <&i(z) &j(w) is found, then the quasi-primary fields containing the derivatives 
of these two quasi-primary fields are determined completely. By subtracting above terms in 
the first-order singular terms, one arrives at the following spin- ^ primary current, the highest 
spin current in the list of (I2.20p . 

O13 (z) = f abc 'ib a ib b d 5 'ib c {z) + other lower order derivative terms. 

2 4485 



(2.63) 



In order to find out its superpartner, one should compute the OPE G(z) with the spin- 
current (I2.63P - Finally, one finds its correct superpartner is 
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o V {z)=p,{z)+yip V (z). 



(2.64) 



Furthermore, the OPE between G(z) and 0&(w) leads to the first-order pole 13 (w) as 
expected 0. Therefore, we have constructed the supercurrent On(Z) and Oq(Z) in the list of 
fl2T20|) . The former consists of fl236|) and fT23ll and the latter is given by f[2~Mf) and fl233|) . 
The Af = 1 superfusion rule is given by 
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In summary, the OPEs we have described so far are given by (I2.2ip . (I2.24p . (I2.27p . (12.3 
flESD, (E35D, (gag) , (1235]) . (12371) . <^M>, and (T2S2D- In principle, one can do all the other 
OPEs one did not compute in this paper. During these computations, the 12 higher spin 
primary currents where the spins are greater than 3 we are looking for are found. Moreover, 
there exist four quasi-primary fields and a primary field but these can be obtained from the 

known primary currents T(z), G(z), U(z), W(z), Odj'iz) or 0<i>(z). It would be interesting to 

2 

write down the OPEs we have found in M = 1 superspace. All these computations are based 
on the c = 4 eight free fermion model. In next section, we generalize this model to c < 4 
coset model. 



13 Of course, the OPEs between G{z) and P$(w) (or Pqi(w)) can be obtained from the standard results for 
the OPEs between G(z) and 6 (w) (and & (w)) with (|2l)Tl) and (t2T64j) . 
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3 The higher spin currents in the J\f = 1 supersymmet- 
ric coset minimal model (11.21) 



Let us consider the perturbations of the k — > oo model described in previous subsection. There 
are two spin-1 currents, J a (z) and K a (z) of level 3 and k which generate the algebra (A^ © 
A { 2 ] ). The OPE between the spin-1 currents J a (z) is given in (I2.14p and the corresponding 
OPE for the spin-1 current K a (z) is 

1 .^Lficib ' 
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(3.1) 



The diagonal subalgebra A% generates the spin-1 current J a (z) + K a (z) with level k + 3. 
The coset Virasoro algebra is generated by the following Sugawara stress energy tensor 
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(3.2) 



(k + 3) v ' (k + 6) 

which commutes with the above spin-1 current J a (z) + K a (z), as expected. As the k — > oo 
limit, the above (13. 2p becomes (I2.16p . The OPE of this spin-2 current and itself is given by 
(I2.3p . by using the OPEs (12. 14j) and (13.11) . where the coset central charge is characterized by 
the following function of k 



c = A 



fc = l,2. 



(3.3) 



(A; + 3)(A; + 6)_ 

When k = 1, this central charge reduces to the one in mininal extension given in the subsection 
2.2. 

By requiring that the spin-| current should commute with the diagonal spin-1 current and 
should transform as primary field under the stress energy tensor (13. 2p . one determines as [9] 
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(3.4) 



which satisfies (12 .2p with the central charge (I3.3p . Also this current reduces to (I2.17P as the 

k goes to oo. 

Similarly, the higher spin-3 current can be fixed by above regularity condition with the 
diagonal spin-1 current and primary condition with the stress energy tensor T(z) as well as 
the fact that the highest singular term should behave as |. Therefore, it reads as [9] 
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which reduces to the previous expression (12.181) for k — > oo limit. As we did before, its 
fermionic superpartner can be obtained from the spin-| current (|3.4j) and it leads to [9] 
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which also becomes ( 12.19(1 for k — > oo limit. 

Now it is ready to construct the 12 higher spin currents in ( 12.20(1 for c < 4 coset model. 
• The construction of Oz(Z) and O^Z) 

Now it is ready to compute the OPE between the spin-| current ( 13.61) and itself. The only 
difference between the c = 4 model and the c < 4 model occurs in the ^-dependence in front 
of (13. 6 p and there exists an extra current K(z) dependence. Therefore, one expects that the 
computations are more involved. It turns out that 
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The algebraic structure is the same as (12.211) except that the /c-dependence occurs in various 
places. The stress energy tensor is given by (13.21) . The ^-dependent primary spin-4, which is 
a generalization of (12.221) . is given by 
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Also the ^-dependent generalization of (I2.23() can be obtained 
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singular terms. Of course, there is an overall factor in 
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OPE 
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we did not consider in this computation. 
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Only if) a (z) dependent terms have (k — 1) factor in (13. 9p . The presence of this current was 
noticed in [9] where there is no explicit form for this current. Note that the /c-dependence in 
front of quasi-primary field occurs while there is no k- dependence in front of the stress energy 
tensor and its descendant fields in (13. 7p . Of course, the central term in the highest singular 
term of (13. 7\i is the usual expression |c where c is given by (13. 3p . The result looks different 
from the original one given the equation (4.16) in [9] but these are the same by manipulating 
the singular terms appropriately. It is more obvious to see the quasi-primary field from (13. 7\} 
rather than from old one. Moreover, the equation ( 13. 71) reduces to the equation (12.211) as 
k — > oo. The OPE between T(z) and the quasi-primary field (T 2 — j^d 2 T)(w) has nontrivial 
/c-dependence and we present this OPE in the Appendix D. See also the Appendix E. 
K 



Now let us move the following OPE between the spin-3 current (13. 5 ft and the spin-| current 
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As before, the /^-dependence in front of quasi-primary field occurs. The equation ( I3.10p leads 
to the equation ( I2.24p as k — > oo. The k dependent spin-| (the corresponding k — > oo limit 
was given in ( 12. 25ft ) has the following form 

V2(-l + k)k(9 + k)(9 + 2k) 
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where only ?/' a (2;)-dependent terms have (k — 1) factor in (13. lip . There are X a -dependent 
terms and mixed terms between ip a (z) and K a (z). Furthermore, the spin-| current, which 



generalizes the previous expression (12.261) . has 
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Also only ip a (z) dependent terms have (k — 1) factor in (I3.12p . The OPEs between the T(z) 
and the quasi-primary fields appearing in ( 13 . 101) contain the /c-dependence and these OPEs 
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are given in the Appendix D. Similarly, the OPEs between the G(z) and those quasi-primary 
fields are given in the Appendix E where one can find the /s-dependence explicitly. 

The generalization of (I2.27P can be obtained and the spin-3 current OPE is given by 



W(z) W{w) 



1 



Ak{9 + k) 



1 



+ 
+ 
+ 



(z — w) 2 

1 

(z — w) 



A 2T(w 
3 16(3 + k)(G + k) 



1 



(z - w) 6 3(3 + k)(6 + k) (z-w) 
1 



10 



)d i T + 



3(66 + 63A; + 7k 2 



[z-w d 
3 



dT(w) 



[w) 



J_ 1 16(3 + fe )(6 + fe ) / _ A 

l 15 ; l 2 J 3(66 + 63A; + 7A: 2 ) v 10 



[w) + ■ 



(3.13) 



where the ^-dependent generalization of (12. 28 p . spin-4 primary field, has the following form 
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Due to the (k — 1) factor in (I3.14p . this current vanishes at the "minimal" extension we have 
described before. One obtains other spin-4 primary current which generalizes the equation 
dZ29]) 

4(-l + k) 2 k{9 + k){27 + k) 
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other 1818 terms, 
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where only ip a (z) dependent terms have (k — 1) factor in (13.151) . One easily sees the central 
term § in f l3~T3|) . 

Therefore, as for infinite k case, one finds the two primary currents (13. lip and (13. 12[) . 
From the other two primary fields (13 .9p and ( 13 . 1 5j) . one constructs the new primary currents 
( 12.301) and (I2.34p . In other words, the four independent currents in ( 12.201) are found during 
the computations of the OPEs (13. 7p . ( 13. 10|) and ( I3.13p . One can easily check that the OPEs 
between the spin-| current and the above four independent currents are the same as the ones 
in (ICTj) . ( 12~32D , ( 12331) and (12T35D . 

• The construction of O^(Z) and Os,(Z) 

Let us consider the OPE between the spin-| current ( 13 .6p and the spin-| current ( 13. lip 
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Here the structure constants can be written as 

36(-l + £;)(10 + £;)(9 + 2£;) 2 



(3.16) 



^uogu 



^uotw 



C 



uogu' 



5(3 + 2fc)(15 + 2/c)(378 + 333fc + 37fc 2 ) ' 

6V6(-1 + fc)(3 + k)(6 + fc)(10 + /c)(9 + 2&) 2 
(3 + 2fc)(15 + 2A;)(90 + 117*: + 13£; 2 )(378 + 333A; + 37fc 2 ) ' 

4(3 + k)(6 + k)(9 + 2fc) 2 (198 + 1719A; + 191/c 2 ) 
45(3 + 2fc)(15 + 2k)(7A + 45k + 5fc 2 )(378 + 333A; + 37k 2 ) ' 

(3 + fc)(6 + fc)(9 + 2A;) 2 (5562 + 2583& + 287fc 2 ) 
(30^(3 + 2fc)(15 + 2&)(74 + 45/c + 5fc 2 )(378 + 333A; + 37k 2 ) 



(3.17) 



Note that one uses the OPE between the current G(z) and the spin-4 primary field in (I3.16P 
appearing in the Appedix E in order to determine the complete coefficient functions in the 
right hand side of (I3.16p . Moreover, the OPEs between the spin-2 current T(z) or G(z) and 
the quasi-primary fields of spin 5 can be obtained from the Appendices D or E. There are 
{k — 1) factors in first two structure constants in ( 13.171) . How do we obtain the coefficient c uogu 
explicitly? We have seen the algebraic structure in (12 .36f) for infinite k. Since the coefficient 
c uow is fixed from the third-order pole, the first term in the second-order pole is determined. 
Then by introducing the undetermined coefficient c uogu in front of the primary field of spin- 
4, one can compute the OPE G{z) with ({U07_}_ 2 - § c uow dW + c uogu {GU - &dW)) (w) 
where c uow is given in ( 13.171) . Then the requirement that the third-order pole should vanish 
(i.e., primary condition) determines the constant c uogu explicitly. Then we are left with the 
spin-4 primary field which is given by 



384i v /f(-l + k)k{l + fc)(9 + 2fc)V45 + 36fc + 4# 

(3 + fc)(3 + 2fc)(15 + 2A;)(90 + UTk + 13k 2 ) 
+ other 1376 terms, 



(3.18) 



where only ifj a (z) dependent terms have (k — 1) factor in (I3.18p . 

What happens for the next-order pole? Since one knows the algebraic structure completely 
except the /c-dependent coefficient functions, one computes the OPEs between T(z)(G(z)) 
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with (^{UOz}_i — three descendant terms — two quasi-primary terms) (w) with undetermined 
coefficients c uotw and c uogu i. One expects that this should transform very specially. In other 
words, there should be no higher order terms where the order is greater than 2 (once again the 
primary condition). This enables us to fix the above two constants as in ( I3.17p . Therefore, 
we are left with the following spin-5 primary current 

2iM{-l + k)k{9 + k)(9 + 2k) 2 (9 + 4k) 



R (z) 



45(3 + fc)(6 + fc)(15 + 2fc)V45 + 36A; + 4fc 2 (74 + 45k + 5k 2 ) 
+ other 9603 terms, 



f abc d ade ^ b i; c ij d d 3 ^ e (z) 
(3.19) 



where only i(j a (z) dependent terms have (k — 1) factor in ( 13. 19ft . The corresponding k — > oo 
limit expressions are (I2.37P and (I2.38j) respectively. 

One has the following OPE between the spin-| current and the spin-4 current as follows: 



U(z) 4 (w) 
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1 
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(z — w) 1 
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(z — w) 3 5 



dU{w) 



2q '-'uou " u i ^uogw I 

210 uou 3 °3 W 



GW - ^d 2 Uj + cuotu (TU - -d 2 Uj + P* 
d (gw - -^d 2 ^ + ~ c uotu d (tu - l -d 2 u 



+-dP 9 _ + Qn 

3 2 2 



(3.20) 



where the correct spin-4 current is the sum of previous spin-4 currents l£| with ( 13. 9 p and (I3.15P 
as before 



4 (z)= ^--Lp™ + V6P™A 



(z). 



(3-21) 



This is identical to the relation ( I2.30p . The structure constants in ( I3.20p are given by 

6>/6(-l + fc)(10 + A;) (9 + 2k) 2 
° uou ~ (3 + 2fc)(15 + 2A;)(378 + 333A; + 37A: 2 ) ' 



(3.22) 



12(-1 + fc)(3 + k)(6 + k)(10 + k)(9 + 2£;) 2 (1290 + 1197/c + 133A; 2 



-'uogw 



C-uotu 



5(3 + 2fc)(15 + 2A;)(74 + 45k + 5fc 2 )(90 + 117k + 13/c 2 )(378 + 333A; + 37k 2 ) 
-1 + fc)(3 + fc)(6 + fc)(10 + k)(9 + 2k) 2 (90 + 261k + 29k 2 ) 



(3 + 2Jfc)(15 + 2k)(74 + 45A; + 5P)(90 + 117k + 13P)(378 + 333k + 37k 2 ) ' 

where all of these have (k — 1) factors in their expressions. Of course, these constants (13.21 
reduce to the ones appearing in (I2.39P for infinite k limit. 



15 One has also the other spin-4 current 0#(z) = § (j-\J\p™ ~ fv^™) (z) which is equal to the 
relation (gH) with flU) and ([535]) . 
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Once again, the coefficients c uogw and c uotu appearing in the second-order pole are deter- 
mined by evaluating the OPEs between T(z)(and similarly G(z)) and the whole second-order 
pole terms subtracted the first three terms where the coefficient c uou is known from the higher 
order terms. The vanishing of higher order singular terms where the order is greater than 2 
fixes the above unknown two coefficients. It turns out that they are given in (I3.22p . Then 
we are left with the primary field in this singular terms. The spin-| primary current, which 
generalizes the previous expression ( 12. 40 p . can be obtained 

Ps( z ) = ^irf a6 7 M 7 c /^ a ^ e ^^V s (^) + other 4671 terms, (3.23) 
where the intermediate fc-dependent expressions are 

ni = 2iW^(-l + A;)A;(9 + 2A;)(79110 + 149883A; + 86489A; 2 + 19367fc 3 + 1741A; 4 + 50A; 5 ), (3.24) 



d x = 5(3 + k)(15 + 2k)(7A + 45k + 5k 2 )(90 + 117k + 13A; 2 )V810 + 1053A; + 441A; 2 + 72k 3 + 4k 4 . 

In this case, also only ip a (z) dependent terms have (k — 1) factor in (I3.23H . Of course, the 
expressions (I3.24p reduce to the numerical coefficient in (12.4=0)) . 

What about the first-order singular terms? Since the second-order terms are determined, 
one finds their descendant fields with the known coefficient functions. Then by introducing 
the arbitrary three coefficient functions in (I2.4ip . one can solve the equation such that the 
whole first-order terms subtracted by above four known descendant fields terms is equal to 
the quasi-primary field Qu(w). This provides all the information for the three unknown 
coefficient functions we introduced. Therefore, the general expression containing (1 2 . 4 1 j) is 
obtained 



Qu{z) 



8,/f (3 + fc)(6 + k)(9 + 2&) 2 (18 + 657/c + 73k 2 ) 



15(3 + 2fc)(15 + 2&)(90 + U7k + 13F)(378 + 333A; + 37P) 
x (TdU - ^dTU - ^d 3 U^j (z) 

2(3 + k)(G + k)(9 + 2A;) 2 (498 + 225A; + 25A; 2 ) 



+ 



5(3 + 2fc)(15 + 2A;)(90 + 117k + 13P)(378 + 333A; + 37fc 2 ) 



x 



GdW - 2dGW - -W~ d 3 U ] (z) 



3(3 + fc)(6 + fc) / _ 2 X 

(3 + 2/c)(15 + 2£;) V 9 5 J K 1 v ' 

Compared to (12.4=1)) . one has fc-dependent coefficient functions in front of three independent 
quasi-primary fields in ( I3.25j) . One can also compute the OPEs as in (I2.43j) and (I2.44p and 
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they will show the explicit /^-dependence in the right hand side of the OPEs. Compared to 
the previous OPE (I3.16p . in this example, we did not need to compute the OPEs between 
the T(z)( or G(z)) and some terms in the first-order pole. This is due to the fact that there 
are no other quasi-primary fields in the first-order terms. Here, the generalization of (I2.42p is 
given by 



2 



X 



+ k)k{l + k){9 + k)(9 + 2k) V45 + 36k + 4k 2 

5(3 + fc)(3 + 2fc)(15 + 2k)VlS + 9fc TF(90 + UJk + 13k 2 ) 
d abc f bde f cf9 tf) a i(j d ip e ^ f d 2 'ilj 9 (z) + other 4430 terms. 



Only ip a (z) dependent terms have (k — 1) factor in (13. 26 p . 

Let us consider the OPE (I2.45P when k is finite. It turns out that 
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(3.27) 



The three structure constants in (13.271) which depend on k explicitly are written in terms of 



6(-l + fc)(10 + A;)(9 + 2A;) 2 
(3 + 2fc)(15 + 2A;)(378 + 333k + 37k 2 ) ' 



^wop 



1 

7e' 



^ (3.28) 



■^wotu 



^wogw 



4(-l + fc)(3 + fc)(6 + fc)(10 + fc)(9 + 2A;) 2 (846 + 927A; + 103fc 2 ) 
(3(3 + 2fc)(15 + 2/c)(74 + 45A; + 5/c 2 )(90 + U7k + 13fc 2 )(378 + 333k + 37k 2 ) 
4y/G(-l + k){3 + fc)(6 + fc)(10 + fc)(9 + 2A;) 2 (90 + 261k + 29k 2 ) 



5(3 + 2fc)(15 + 2A;)(74 + 45A; + 5P)(90 + 117k + 13A; 2 )(378 + 333A; + 37k 2 ) 

In particular, they contain (k — 1) factor. One sees that these (13.281) become those in (I2.45p . 
Since the algebraic structure is known for infinite k, one takes four undetermined coefficients, 
Cwotu, c WO gw,c wop and c woo ' in front of two quasi-primary fields and two primary fields (given 
by (I3.23P and (13.261) ) respectively. Note that the constant c wou can be fixed from the higher 
order terms. Then one can write down the second order terms as in (13.271) . On the other 
hand, one knows the explicit second-order pole from WZW currents. By equating these two, 
eventually one obtains the unknown four coefficient functions and they are given in (I3.28p . 

Furthermore, the spin-^- quasi-primary field can be obtained. As we did in the OPE 
(I3.20p . due to the fact that there is no other quasi-primary field except this spin-^- current, 
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one can find the explicit form for this field as follows: 

2 A /§(3 + fc)(6 + k)(9 + 2fc) 2 (18 + 657k + 73k 2 ) 

Qii'(z) = 
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'GO*,--dO r ) (z). 
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(3 + 2*0(15 + 2*0 



(3.29) 



As before, one can also compute the OPEs as in (12.471) and (12.481) . Even for the fc-dependent 
coefficients, this field (I3.29P is quasi-primary field because the three terms are quasi-primary 
fields. 

For the OPE between the spin-3 current and the spin-4 current (I3.2ip . one has the following 
*>dependent expression which appeared in (12.491) 
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(3.30) 



The structure constants are given in terms of 

A8y/E(-1 + fc)(10 + fc)(9 + 2k) 2 



c 



wogu 
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(3.31) 



As before, the coefficient c wow can be fixed easily from the fourth-order pole. Since the 
algebraic structure is determined from the infinite k result, one puts two unknown coefficients 



Cinoo and C' 



wogu 



in the two primary fields respectively. One of the primary fields was given 
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in (I3.18p . Then these two coefficients can be fixed without any difficulty. Now we move on 
the next order singular terms. The easiest way to obtain the quasi-primary fields in (I3.30P is 
that for example, once we find the second-order pole in ( I3.30p . then one puts the arbitrary 
coefficient function c woo t and two additional coefficients in the quasi-primary field in (I2.50p . 
Then one can fix all the coefficients as in (13.3 1 p and the spin-5 quasi-primary field with 
^-dependent coefficients is given by 

2^1(9 + 2A;) 2 (-168156 + 101412A; + 104013A; 2 + 20610A; 3 + 1145A; 4 ) 
~ 45(3 + 2fc)(15 + 2£;)(74 + 45k + 5fc 2 )(378 + 333k + 37k 2 ) 

x (t\V - j^ 2 w\ (z) 

(3 + fc)(6 + fc)(9 + 2A;) 2 (-5166 + 855/c + 95k 2 ) 
90(3 + 2k)(l5 + 2k)(7A + 45k + 5fc 2 )(378 + 333k + 37k 2 ) 

x (g8U - ^8GU - ?ydPw\ (z). (3.32) 

Similarly, one can analyze for the spin-6 quasi-primary field as done in ( 13. 32ft and one puts the 
four unknown coefficients in (I2.52p . One can construct the OPEs as in (I2.5ip . By equating 
the first-order pole to the above expressions with four unknown coefficients, one obtains all 
of them. It turns out that one has the following spin-6 quasi-primary field 
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The OPEs between the spin-2 current (or the spin-| current) and the current ( I3.33P can be 
computed as in (12. 53ft . 

As in infinite k case (I2.54p . one has the following relation with f!3.23j) and ( I3.26P 

0»»(z) = O r {z) + -=P*(z). (3.34) 

2 2 Q 2 
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Therefore, as for infinite k case, one finds the two primary currents (13.181) and (I3.19p . From 
the other two primary fields (13.231) and (I3.26p . one constructs the primary current f!3.34[) . In 
other words, the four independent currents in (12.201) are found during the computations of 
the OPEs (I3.16p . (I3.20p . (I3.27P and (I3.30p . One sees four quasi-primary fields that can be 
written in terms of known higher spin currents as well as the stress energy tensor (and its 
superpartner). 

• The construction of 0\\{Z) and Oq{Z) 

One continues to compute the OPE between the spin-| current (13. 6 p and the spin-4 current 
(I3.18p . corresponding to the infinite k result (I2.55p . 
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+Cuo 9P [OPT - ^dO, - ^Oj) - c uo9p , \GPST - IffO, - ^f^Or_ 
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The structure constants in (I3.35P can be obtained 

24(1 + jfe)(8 + A;) (378 + 333k + 37k 2 ) 

Cuo ° ~ h(3 + k)(Q + k)(W + mk + l3k 2 ) ' 

2(9 + 2£;) 2 (-42 + 99A; + 11A; 2 ) 

~ 5(3 + fc)(6 + A;) (90 + U7k + 13k 2 ) ' 

288(1 + k)(8 + A;)(846 + 585/c + 65k 2 ) 

5(90 + U7k + 13fc 2 )(954 + 549& + 61fc 2 ) ' 
_ nx _ri2 , v 

Cuogp ^ j C U ogp' ^ j ^O.OOJ 

where the numerators and denominator in the last two coefficients are functions of k 
n x = 2^(2135484 + 3378672A; + 2386233A; 2 + 869670/c 3 + 165765A; 4 + 15660A; 5 + 580fc 6 ), 

n 2 = -3^(13838364 + 31369356fc + 26544483A; 2 + 10463418£; 3 + 2064411fc 4 

+ 197748A; 5 + 7324A; 6 ), 
d = 5(3 + 2A;)(15 + 2A;)(90 + 117A; + 13A; 2 )(954 + 549A; + 61A; 2 ). (3.37) 

The OPEs between the spin-2 and spin-| currents, T(z) and G(z), with the quasi-primary 
fields appearing in (I3.35P can be found in the Appendices D and E, as we described before. It 
is straightforward to determine the structure of the third- and second-order poles, as we did 



36 



before. In the first-order term, the first two descendant terms are known and one introduces 
three unknown coefficients c uoto , c uogp and c uogp i. Then how does one obtain these ft-dependent 
coefficients? Since one expects that the remaining term is characterized by the primary field 
of spin-^, one requires that there should be only the second-order and first-order terms when 
one computes the OPE between the currents T(z) or G(z) and the first-order pole subtracted 
the above five terms including two derivative terms. This condition fixes the above unknown 
three coefficients and they are given in (13.36!) an d (13.37ft finally. 

Then we are left with the spin- 1 ^- primary current which is given by 

On (z) = ^f abc ij a ip b d 4 i(j c {z) + other 22096 terms, 

n v = 3>/2(-l + k)k(l + k)(9 + k)(9 + 2k) 

x (-23328 - 31338ft - 12843ft 2 - 1370ft 3 + 53ft 4 + 10ft 5 ), 

di = 10(3 + ft)(6 + ft)(3 + 2fc)(15 + 2k) Vl8 + 9k + ft 2 (90 + 117ft + 13ft 2 ) 

x (954 + 549ft + 61ft 2 ), (3.38) 

which generalizes the previous expression (I2.56P for the infinite k. 

Let us describe the next OPE. The OPE between the spin-| current (13 .6p and the spin-| 
current (13.261) . corresponding to the previous result (I2.57[) . for the finite k is summarized by 
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The structure constants in (I3.39P are given by 
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Cuo9 °" ~ ~5(3 + 2k)(15 + 2k)(90 + 117k + 13F)(366 + 207fc + 23F) ' ( ' 

where the numerators and denominator in ( 13.401) of fourth and fifth constants are given by 

m = 28^|(830045232 + 8372710800A; + 18353902752A; 2 + 19040042412A; 3 + 11562105645& 4 

+ 4408598988A; 5 + 1070601270fc 6 + 164251116A; 7 + 15373601fc 8 + 800820A: 9 + 17796A; 10 ), 

n 2 = -7^(9794995632 + 61010651520A; + 137265126552A; 2 + 158181370992A; 3 

+ 105657645375A; 4 + 42990128568A; 5 + 10861840470& 6 + 1705114836A; 7 

+ 161571871/b 8 + 8459820A; 9 + 187996A; 10 ), 

d = 5(3 + 2A;)(15 + 2A;)(-6 + 9A; + A; 2 )(90 + 117A; + 13A; 2 )(366 + 207A; + 23A; 2 ) 

x (954 + 549*; + 61 A; 2 ). (3.41) 

The third-order pole in the right hand side can be easily determined. The coefficient for the 
quasi-primary field in the second-order pole can be fixed without any difficulty How does 
one make sure that there exist four quasi-primary fields and a single primary field in the 
last first-order term? Since the derivative terms are completely fixed, one can introduce four 
unknown coefficients. We follow the procedure what we have done for infinite k case. Then 
these four coefficients are determined. Finally, after subtracting these four quasi-primary 
fields correctly, we are left with the following new spin-6 primary field. The spin-6 current is 
given by 

Pq(z) = — if) a d 5 ip a (z) + other lower order derivative terms, 

m = (-1 + k)k(l + k)(9 + fc)(9 + 2fc)(- 1365527808 - 3366282888A; - 3098773908A; 2 
- 1210990014A; 3 - 58275207A; 4 + 110774898A; 5 + 38348106A; 6 + 5639106A; 7 + 398009/c 8 
+ 11050A; 9 ), 

d ee 75^(3 + A;)(6 + A;) 2 (3 + 2Jfc)(15 + 2k) 2 (-6 + 9k + A; 2 )(90 + 117k + 13k 2 ) 

x (366 + 207A; + 23A; 2 )(954 + 549fc + 61A; 2 ). (3.42) 

As in previous case, the factor (k — 1) is contained in this ^"(^-dependent spin-6 current. 
Similarly, one has the following OPE between the spin-3 current ( 13. 5|) and the spin-4 
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current A3 . 18j) . corresponding to the previous result (I2.59p . 
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The unknown coefficients in (I3.43j) are fixed by 
8(-36 + 369A; + 41A; 2 ) 
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5(3 + fc)(6 + fc)(90 + U7k + 13k 2 ) 
132^(1 + fc)(8 + fc) m 
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64^(1 + fc)(8 + A;) (369 + 234/c + 26fc 2 )(378 + 333A; + 37k 2 ] 
175(-6 + 9k + jfc 2 )(90 + lffl + 13fc 2 )(954 + 549A; + 61k 2 ) 
6y/E(l + k)(8 + k)(9 + 2&) 2 (-42 + 99A; + Ilk 2 ) 
~5(3 + 2fc)(15 + 2A;)(90 + U7k + 13fc 2 )(366 + 207fc + 23fc 2 ) ' 
32 



m = - — (3 + A;)(6 + fc) (-109854468 -570043980fc-583026525r- 175058712AT 

+ 15297117A; 4 + 16269390/c 5 + 2997578A; 6 + 228096fc 7 + 6336A; 8 ), 

n 2 = -4(42504047568 + 157399614720fc + 224326680552A; 2 + 165246862320A; 3 

+ 703248526 17fc 4 + 18329683752& 5 + 30511 10298A; 6 + 334279692A; 7 + 24334537A; 8 

+ 1114740fc 9 + 24772A; 10 ), (3.44) 

where d in (13.441) is the same as the one in (I3.4ip . In order to arrive at the final result f!3.43j) , 
the OPEs between the spin-2 and spin-| currents with the quasi-primary fields appearing in 
(I3.43P should be obtained. They can be found in the Appendices D and E. The structure 
constants on the two spin-4 fields and its descendant fields are completely fixed. The nontrivial 
second-order pole can be determined similarly. Based on the results for the second-order 
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pole, one obtains the correct three derivative terms in the first-order singular terms and one 
can easily determine the coefficients appearing in the quasi-primary fields as before. After 
extracting these four quasi-primary fields from the first-order pole, one arrives at the following 
new spin-6 primary field 



P«(z) 



— ^ a d 5 ip a (z) + other lower order derivative terms, 



m = 2(-l + A;)A;(l + A;)(9 + A;)(9 + 2A;)(-114528816 - 144741492A;- 9500652A; 2 

+ 61972749& 3 + 35947494A; 4 + 8541978A; 5 + 996804A; 6 + 56069A; 7 + 1210A; 8 ), 

d = 225(3 + k)(6 + k)(3 + 2k)(15 + 2k) 2 (-6 + 9k + k 2 )(90 + 117k + 13k 2 ) 

x (366 + 207fc + 23A; 2 )(954 + 549A; + 61A; 2 ). (3.45) 

Then one can construct the following spin-6 current which is a superpartner of the spin-y 
current ( ET3g]l . together with (E32D and ( B35D , 

6 (z) = -P 6 {z) + V6P & (z), (3.46) 



which is the same as (I2.6ip . 

Now it is ready to compute the last final OPE which is more involved. 
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The structure constants in ( 13.47P are given by 

12^6(1 + A;)(8 + fc)(378 + 333k + 37k 2 ) 
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+3676212A; 5 + 136156fc 6 ), 
= 10(3 + 2jfe)(15 + 2A;)(90 + 117fc + 13A; 2 )(954 + 549A; + 61A; 2 ). 



(3.48) 



How does one obtain the complete set of structure constants? In principle, one can follow 
what one has done for infinite k case. However, the first-order pole is rather complicated. 
First of all, one should compute the first-order singular terms completely. It took too much 
time. After that, the derivative terms appearing in the first-order terms are known from 
the higher-order singular terms. Then we are left with four quasi-primary fields and one 
additional primary field of spin- 1 ^ which is the last element of the higher spin current in the 
list (127201) . 

How does one determine the unknown A;-dependent coefficient functions and explicit form 
the spin- 1 ^? One way to determine these is to write down the spin- 1 ^ current using its 
superpartner Oqi(z). Since one has Pq{z) and P&{z) from (I3.39j) and (13.431) explicitly, the 
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current 0&(z) is determined by, similar to (I3.46p . 

6/ (z) = P 6 (z) + 7 - ] j^P & (z), (3.49) 

which is the same as (12.64)) . Then by equating the first-order pole from WZW currents to 
the sum of derivative terms, quasi-primary fields with four unknown coefficients and spin-y 
current, the four unknown coefficients are fixed as in (I3.48p . The last spin-y current which 
is a superpartner of (13.49)) is given by 

Oiz(z) = — f abc t(j a if) b d 5 ip c (z) + other lower order derivative terms, 

n = 16^-1 + k)k(l + fc)(9 + fc)(9 + 2A:) 2 (-1998 - 123/e + 573A; 2 + 103A; 3 + 5A; 4 ), 
d ee 75(3 + fc)(6 + /c)(15 + 2fc)(-6 + 9A; + A; 2 )^ + 9k + P(90 + 117& + 13A; 2 ) 

x (366 + 207/C + 23A; 2 ). (3.50) 

The OPEs between the spin-2 and spin-| currents with the seven quasi-primary fields appear- 
ing in ( I3.47P can be found in the Appendices D and E. 

Therefore, the higher spin currents are given by (jXfij) . fl33|) . fIBTTTj) . (|332)) . (ETIBj) . (J3HHD, 
(13T2TP . footnote [13 (15^51) . flB^]) . ( E5gJ) , (ESD , ( BUHD , and f l33U|) and some of the OPEs 
between them are computed. In these computations, the infinite k case done in previous 
section is very crucial because the algebraic structure in the OPEs is common to each other. 
Although one obtains all the singular terms in the OPEs from the defining OPE between the 
current i/j a (z) and the current K a (z), it was nontrivial to write down those singular terms 
in terms of the quasi-primary fields and higher spin currents. Note that the quasi-primary 
fields can be expressed as those higher spin currents and the stress energy tensor with its 
superpartner. We would expect that the right hand side of the remaining OPEs we did not 
consider should contain only the known primary currents (and their composite fields that can 
be either quasi-primary fields or primary fields) in the list (12. 20 p . 



4 Conclusions and outlook 



We have found that the higher spin currents in the list of ( 12. 20)) for the c < 4 model in terms 
of WZW currents ip a (z) and K a (z). They satisfy the following superfusion rules 
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All the coefficients in the OPEs (14. ip are fixed. In the third superfusion rule, some of the 
algebraic structure of the first one occur. We did not compute the other remaining OPEs. 
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+ 



According to the observation of [5], they will, in general, take the form 
O4 + O4' + Ob + On + Or in the right hand side. It is nontrivial task to find out the 

J L J L2J L 2 J LJ 

correct quasi-primary fields for given spins in terms of 16 currents. For the most complicated 
OPE between the spin-y current and itself, the singular terms have 13-th order pole, ■ • •, 
second-order pole, and first-order pole. Then the highest quasi-primary field of spin-12 can 
appear in the first-order singular term and should be written in terms of the known higher 
spin currents. Maybe the formula (1B.4[) will be helpful to find out the structure of this 
quasi-primary field. 

One expects that for the general N, one can think of the following coset models with given 
central charge 



SU(N) k © SU(N) N 



(N 2 - 1) 



SU(N) 



k+N 



2N 2 



(k + N)(k + 2N) 



< 



(N 2 - 1) 



(4.2) 



This will be the supersymmetric extension of Wjy algebra. As pointed out in [8], the lowest 
model in the series of coset models (k = 1 or c = 2n+2N) ) nas " m i n i ma l" super Wn 
algebra where there exist the supercurrents of spins §)§?*''> ~ §)■ For the general k > 1, 
one expects that the extra additional currents should appear. As in the present paper, it is 
better to look at the k — > 00 model (or c = ^ 2 ~ 1 ' > fermion model in the adjoint representation 
of SU(N)) first because it contains all the algebraic structures and is simpler than the more 
general c < < - jV 2 ~ 1 ' > model. Then all the OPEs appeared in sections 2 and 3 should be 
generalized to the OPEs with iV-dependence explicitly. In the context of minimal model 
holography |U[2], one should compute the correct normalizations for the higher spin currents 
with spins greater than 3. In the original paper [9], the character technique was used to 
generate the complete currents in c = 4 eight fermion model. It would be interesting to 
generalize this for the arbitrary N. As a first step, it is also useful to consider the N = 4 case. 
It would be interesting to study the most general coset models by su Wk®su(N)i w ^ 

6 J 6 J SU(N) k+l 

central charge. For the particular case (I = N), this model reduces to the above model (14. 2p . 
For the higher spin 3,4 currents, the explicit construction was computed as mentioned in 
the introduction. It is an open problem to obtain other higher spin currents explicitly. For 
example, the spin-5 Casimir operator. 

In |43j . the coset model was based on the group SO(N) with given central charge. It 
is straightforward to ask whether the present result can be applied to the different minimal 
model or not. 
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Appendix A The coefficients appearing in the descendant 
fields of quasi-primary or primary fields (11.31) 

In the introduction, we presented the OPE between the two quasi-primary fields (including 
the primary fields) where the coefficient functions which depend on the spins hi,hj,h k and 
the number of derivatives n are given by 

_ 1 T(hj - hj + h k + n) T{2h k ) 1 (hj - hj + h k + x) 

~7i! r(hi-hj + h k ) V{2h k + n) n\l} (2h k + x) ' l ' J 

Here, we write them in terms of Pochhammer symbol because sometimes the denominator in 
the original expression can have zero values. In order to avoid this feature, one should write 
down the ratio of two Gamma functions in terms of Pochhammer symbol as in ( 1A.1I) . 

Using the definition of the coefficients (IA.1I) . one can check those vanishing and nonvan- 
ishing coefficients appearing in the sections 2, and 3, as follows: 
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Appendix B The OPE between the stress energy tensor 
and the quasiprimary or primary fields in 
c = 4 model 



In order to make sure whether a conformal field is quasi-primary field or not, one should 
compute the OPE between the stress energy tensor T(z) and a field $(u>) and check the 
vanishing of third-order pole in the OPE T(z) Now we list all the quasi-primary fields 

(where there exist three primary fields) in the sections 2 and 3 



T(z 
T(z 
T(z 



(z 
T(z 

T(z 

T(z 

T(z 
T(z 
T(z 

T(z 
T(z 

T(z 
T(z 



/ 3 \ 1 42 

( TT - — d 2 T ) (w) = — T(w) + 0((z - wV 2 ), 

V 10 J V ; (z- w 4 5 V ; U ; ; ' 



1 



(z-w) 4 
1 37 



G{w) + 0((z-w)~ 2 ), 

( GOT - -TdG + —d 3 G) (w) = , 1 N . — G(w) 
V 3 15 / V ' (z-w) 5 5 V ' 



GT - -d 2 G) (w. 

4„„„ 4 „ Q „\ , s ! 33 



1 33 

)—dG(w) + 0((z-w)' 2 ), 



-w) A v 3 7 5 
(GU - ^-dVvj (w) = 0{{z - w y 2 ), 

(TW - ^d 2 w) (w) = 7 -±W(w) + 0((z - w)~ 2 ) 



GdU - ^8GU - ^yd 2 w\ (w) 



1 



1 124 2 



(z-w) 4 7 V3 



W{w) + 0{{z-w)- 2 ), 



GW - ^U) („) = ^ tf- U(«) + <X<, - «,)-») 



1 33 



t/H + c»((z- w )- 2 ), 



4^6^ \/6, 



17 3 



gp 4 t - ^aos - -^a 2 Oi ) m = — J- o z (w) + o((z - w)- 2 ), 



Qpww 



9 " 56 

2 [2 



-dOi 



9 V 3 * 14 y 3 



(z-w) 4 4 f2 ^ 
17 



(Z - W) 4 5 

(goj + ^p 4 r - ^dPrj H = - w)- 2 ), 

( T puu _ l d 2puu\ ( w ) = 1 14 ptju (w) + _ w) 

V 6 / (z — w)^ 



o?(w) + o((z- w y 2 ), 



46 



t(z) (rpr - l -d 2 pr) (w) = {z _ x w)4 14 p 4 r» + o(( z - w y 2 ), 



T(z) I GdOr - -dGO l + ^=<9 2 P 4 T 
1 



1 2 



d 2 P 4 T I (w) 



(z — w) 



5 3 

25 



9^ 

^2 



FT -25W-P7 



3vT 4 ' 
2 /2 



3 V 3 

w) + 0((z-w)- 2 ), 



d 2 PT + 



63 V 3 



1 



21-V/6 



d 2 P 4 *T 



104 /2 
^TV 3 



26 2 



(z-w) 4 21 V 3 4 7 V 3 

T(z) (TO* - — d 2 9 ) (w) = - 
K J \ 2 20 V v ' (z-w) 4 20 

T(z) (TOOT - IdTOr - iPOr) H = 

j (— )— so s H + 0((z - w)- 2 ), 



P 4 r (w) + 0((z-w)- 2 ), 

1 ^1 Q 

— 0*{w) + 0{{z-w)- 2 ) 



301 n r ^ 

— — U7(W) 

w) 5 12 2 V ; 



T 12 



\/6. 



2 2 



T{z) GdPT - -dGP£ u - ^-0 2 O, - - * /Oj («;) 



50 / 2 . . 1 



- 63 V 3 

. 1,50 /2 



(z- w) 5 3 V 3 2 



2 — u>J 
1 



, SOT 

7 7 3 V 3 2 



5 V3 3 



(u>) + o((^- 



T(z) GdP 4 T - -dGP£ w ^<9'09 - 



1 200 2 



Or (iy) + 



5\/6 
1 



189 V 3 
1,200 h 



d 3 Oi (w) 



{z - w) 4 



(z-w) 5 9 V3 2 
+0((z-w)- 2 ), 

T(z) (rdU - ^dTU - ^d 3 U^j (w) 
+0((z-w)- 2 ), 



143 2 



T 9 
1 345 



80r - 

3 2 15 V 3 2 



Os 



(w) 



(z-w) 5 28 



'/'(■:) | GdW - 28GW - ^J^U \(ir) 



1 ^<«o 



(z-w) 5 7 V 3 



1 



(z — w) 1 



:-7) 



1,55 2 



5 y 7 V 3 



dU(w) + 0((z-w)- 2 ), 



T(z) [G0 4 „ - -d0 9 _, ) (w) = +0((z - w)- 2 ), 



47 



T(z) \Gd 2 U - AdGdU + -d 2 GU - -^=d 3 W ) (w) = - — 1 —— 9V&W(w) 
V 2 2V6 / [z-wy 



+ 



1 



(z - wY 



~)9V6dW+™(GU-^dVVj {w) + 0{{ 



z-w)- 2 ) 



T(z) (rdW - ^dTW - ^d 3 W 
+0((z-w)- 2 ), 
T(z) (tO a „ - ld 2 0^) (w) 



1 



w 



1 



-18W(w) 



1. 



6 

:/'(.:) ( GO..' ~^d 2 4 - )(/c) 



[z — w 
1 52 



(z — w) 5 (z — wY 6 

1 uo 4// (w) + o(( z -wy 2 ), 



!8dW(w) 



\z — w 



I ^0 4// (w) + 0((z~w)- 2 ) 



(b.i; 



One realizes that there is no third-order pole in (IB . 1 1) . Using the definition of the coefficients 
(1A.1 I) , one can check those vanishing and nonvanishing coefficients appearing in (IB.lj) as 
follows: 
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*>~2>2' 


= o, 


. 1 

^2,6,3,1 — — 77) 



^2,6,3,2 = 0, 


^2,6,4,1 = 0, 






Ar, 13 7 -, 

z ' 2 ' 2 ' 


1 

~r 


Ar, 13 7 r, = 0, 


Ar, 13 9 1 =0. 

z > 2 '2' 1 






(B.2 



For example, the first OPE in (IB.lj) has no third-order singular term. This can be realized 
by the vanishing of ^2,4,2,1 in ( IB. 21) . In other words, on the one hand, one can understand 
the vanishing of third-order singular term from the explicit WZW currents and on the other 
hand, one also checks this from the formula (jl.3p . 

Note that one sees the following quasi-primary fields |44j from ( IB. II) 



2(2hi + 1) 



d 2 §i ){z). 



(B.3) 



The relative coefficient in (1B.3j) is fixed from the definition of quasi-primary condition. What 
about other quasi-primary fields that contain the derivatives in the quadratic normal ordered 
product? 

It is known, in [15] , that any quasi-primary field can be written in terms of quadratic part 
and linear part 

n 

]T B ijj>njr d r N(<S> j ,d n - r $ i )+ ]T C ijk C ijj>kjn d h * +h i- h « +n <S> k . (B.4) 

r=0 k:hi+hj—h k >l 
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When n — 0, the first term in (1B.4|) does not contain any derivatives. We introduce each 
coefficient functions 

= , y T(n + 1) T(2hj + n) T(r + l)T(2h t + 2hj + 2n - r - 1 ) 

i,j,n ' r ~^ ' T(r + l)r(n - r + 1) T(r + l)r(2/ij + n - r) r(2/i; + 2hj + 2n - 1) 

= r(fej + fe 3 - - + n) r(n + l)r(2fej + 2fej + ra - 1) 

U ' fc,n ~ ^ ^ r(/ii + - %)r(n + 1) T{2h l + 2hj + 2n - 1 ) 

T(2/ii + n) T(hi + - h k )T(2h k ) 1 

r(/ij + hj - h k + n+ l)r(/ij - /ij + /ife) r(/ij + hj + h k — 1) (/&» + + /i* + n — 1) 

1 



X 



r(/ij + /ij - /i fe )' 

We simply rewrite their binomial symbols as the Gamma functions. Although one can simplify 
Bi,j, n ,r an d Q,j,fc,n further, one keeps their forms in its present form. The structure constant 
Cijk is the same as the one in (jl.3p where the fields $i(z) and <&j(w) appear in the first 
quadratic part in (1B.4|) . This implies that the complete structure of quasi-primary field is 



(B.5) 



determined only if one knows the OPE <&j{w) because the second term contains the 

above structure constant Cij k . Otherwise, this structure constant is not known and when one 
uses the Jacobi identities mentioned before, this unknown structure constant is fixed by the 
Jacobi identities. 

Let us emphasize that their normal ordered product is different from the one [16] we use 
in this paper. In other words [45j, recall that 

N{$j, d n - r ^i){z) = (d n - r ^i <$>j){z). (B.6) 

Once one uses their formula ( IB. 41) . one should also apply the convention (IB. 61) to the expression 
of quasi-primary field. It is better to take one example. In (IB.ll) . one sees the quasi-primary 
field (GdT - IT8G + ±d 3 G) (z). How one can observe this from the formula (1B.4I) ? Now let 
us take ^(z) = T(z),$ j (z) = G(z). Then one has T(z) G(w) = \G(w) + jj^dG{w) + 

• • •. From this, one can identify the field $fc(z) = G(z) with C^k = §• From the expression 
(1B.5j) . one has -B 2 | 10 = 1,5 2j 2 i1(1 = — | and C 2 ,£,2,i = ^jg. Then by substitiuting these 



numerical values in (lR4j) . one obtains f N(GdT)(z) - ^N(dGT)(z) + ±d 3 G(z). However, due 



to the fact (lB~6l) . one has i (dTG - \TdG + ^d 3 G) (z). Furthermore, by usine; the relation 
GdT(z) = dTG(z), one finally obtains f [GdT - \TdG + ^d 3 G) (z) which is proportional 
to the quasi-primary field one mentioned before. One can do similar analysis and checks that 
all the quasi-primary fields appearing in this paper can be read off from the general formula. 

One can check all the quasi-primary fields by using the formula (1B.4I) . We list the relevant 
coefficient functions which appear in the quasi-primary fields in ( IB.ll) : 



4 

^2, §,1,0 = 1' 2,|,1,1 = ~~ yJ "^§,§,1,0 = 1' ^1 
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Bt 3 1 q = 

2 ' 2 ' ' 


1, 


Bx 3 1X 

2 '2 ' ' 


jD 4,|,l,0 ~~ 


1, 


^4,§,1,1 


^3,§,1,0 = 


1, 


5 3,|,1,1 


Bh 3 r, r, 


1 

3' 


■^3,2,1,0 


,3,0,0 = 


1, 


-^§,4,0,0 



7 7 

"To' b Jai,o = 1 > 5 |,2,i,i = ~YY' 

-Q> ^§,2,1,0 — - 1 ! ^§,2,1,1— g> 

2 6 



^1. 3.2.0 = 1) B 



3 ' -2>§> 2 > 0-i ' "f,|,2,i- 5 ' 



3 

5' 

I- 537 A0 =1, B|9 A0 = 1, (B.7) 



1, #3,2,1,1 - -g, Ba | 0>0 - 1 



and 



' 2 ' 2 ' 



- 105' Hi' 3 - 1 "28' °I4'4,i - 30' 4.2,1,1- 99 > 

r 16 14 4 8 

" gg» G 4,if-i-^' O fi2)f)1 --, G 3j 3 ifil --, 

C|,|,3,2 = -jg, C 3 , 2j 3,l=Y2' C |'l'3'0 = "3' ^l' 3 '!' = ~30' 

^l' 4 '!' = "56' C 'fAf,o = -g ) Cf i,4,o = -4. Cf,f,4,o = -73' 



Due to the fact that -82,1,0,0 — 1, C2,i,i,o — an< ^ = the second-order pole of 

OPE T(u;) is given by hi$i(w) and there is also first-order singular term), one 

observes the previous relation fjR3|l . 

What happens when the spin-| current G(z) is combined with any primary field $i(z) of 
spin-/ij? As done in flB.7j) and (|B.8|1 . one computes B^ i00 = 1, C|^_i j0 = ~ 4fo , ( - h L ._i) an d 
C 2 ,i,i-| = ~~ 2X wnen the second-order pole of OPE is given by ^ z } w y 2{hi — 

\)^i-i{w) and there exists a first-order singular term), one observes similar relation to (IB. 31) . 
Furthermore, when the first-order pole of OPE ^%{z) G(w) is given by ^ w ^ i+ i (w), then 
Co a , , 1 =1 with S3 • nn = 1 and Ca , 1 n = — ,, 1 n ■ From these two cases, one arrives at 

Therefore, one realizes that all the quasi-primary fields containing T(z) or Cr(z) in this paper 
can be classified by flB.3j) and (IB. 91) . 

For the case &i(z) = P^, u (z) or <&i(z) = P^ w (z), one should use the mixed form of flB.9[) . 
Note that the explicit OPEs are given in the footnote When the field <&i(z) or <&j(w) does 
not contain T(z) or G(z), then one should use the original expression (IB. 51) . This will occur 
when we compute the OPEs between the higher spin currents we did not consider. 
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Appendix C The OPE between the spin-| current and the 
quasiprimary or primary field fields in c = 4 
model 

For the correct superpartner in the given superfield, one should know the OPE between the 
spin- 1 current and the arbitrary quasi-primary fields. We present them here 

g W (tt - l#r) W = ^ | G(u,) + ^ + <>«* - „)-»), 
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(C.l) 



Using the definition of the coefficients flA.ip . one can check those vanishing and nonvan- 
ishing coefficients appearing in ( IC.lj) as follows: 



^3,3, 



1 

3' 



,2,1 



A3 r 5 1 
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A: 
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A3 13 A 1 

2 1 2 



1 

6' 
1 

8' 



A: 



2 

5' 



^4. 3 ^ 5 9 

2,D, 2 ,Z 



1 

30 : 



.4: 



1 

7' 



(C.2) 



For example, the first OPE in (IC.lj) has the third-order singular term with the coefficient — | 



which coincides with the value 43,3, 
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Appendix D The OPE between the stress energy tensor 
and the quasi-primary or primary fields in 
the c < 4 coset model 



In previous Appendices B and C, the central charge c was fixed as c = 4. Now we consider 
the OPEs for general central charge c < 4. The OPEs are given by 
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Of course, after the k — > 00 limit, the above OPEs (ID.ip become the OPEs (IB.ip . One sees the 
^-dependence in the quasi-primary fields which contain the T(w) because the OPE between 
T(z) and T(w) contains the central charge. On the other hand, the OPEs between the T(z) 
and the quasi-primary fields which do not have T(w) in their expression are the same as the 
ones for c = 4 model. In this case, the previous coefficients ( IB. 21) hold. 
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Appendix E The OPE between the spin-| current and the 
quasi-primary or primary fields in the c < 4 
coset model 



Similarly, one can proceed for the general central charge and the OPEs are given by 
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One sees, in (IE. II) . the /c-dependence for the quasi-primary fields which contain G(w) while 
one does not see the ^-dependence for the remaining quasi-primary fields. This is obvious 
because the OPE between G(z) and G(w) has the explicit c-dependence from ( 12. 2ft . One can 
check that the coefficients (1C.2j) hold in this case. 
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